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 Implementing high-quality elementary mathematics instruction is challenging and 
requires proficiency in a variety of classroom practices. As such, teacher educators must support 
preservice teachers (PSTs) in developing these teaching practices in order for them to be as 
effective as possible in their future classrooms. Given its central role in high-quality math 
instruction, recent research has addressed the practice of teacher noticing, what a teacher sees 
and responds to in a classroom (Jacobs & Spangler, 2017). Past research has generally focused 
on what elementary PSTs notice in a classroom setting, while relatively little is understood about 
why elementary PSTs notice what they do.  
 Using fraction concepts for coherence among measures, this dissertation explores how 
PSTs’ Mathematical Knowledge for Teaching (MKT; Ball, Thames, & Phelps, 2008), beliefs 
about the role of children’s thinking in math teaching, and experiences may be related to their 
noticing of students’ mathematical thinking. The study involves 92 PSTs in four sections of an 
elementary mathematics methods course, including 23 PSTs in a focal section involving 
additional activities designed to measure PSTs’ noticing of students’ mathematical thinking at 
different timepoints in the semester. Employing a mixed methods design, this study first 
investigates the statistical relationship among PSTs’ MKT, beliefs, and their noticing of students’ 
mathematical thinking using assessments at the start and end of the course. PSTs’ beliefs about 
the role of children’s thinking in math teaching are measured with both existing and new survey 
items, which are then reduced through factor analysis to four distinct factors: Teacher Telling, 
Students’ Thinking, Productive Struggle, and Classroom Discourse. To provide a deeper 
understanding of the complex relationships among PSTs’ knowledge, beliefs, experiences and 
their noticing of students’ mathematical thinking, this study draws on qualitative analyses of 
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PSTs’ group discussions, interviews, and the PSTs’ responses to a qualitative measure of their 
beliefs.  
 Results show that growth in the PSTs’ MKT was predictive of growth in their 
attending/interpretation of students’ mathematical thinking, particularly for the PSTs who 
participated in the additional noticing activities over the semester. Changes in the PSTs’ 
conversations about students’ thinking over the semester demonstrated how groups that had 
larger gains in MKT had notable shifts in their discussion toward a greater focus on students’ 
mathematical thinking. Although some evidence pointed to a potential relationship between 
PSTs’ beliefs about the role of children’s thinking in math teaching, specifically the Classroom 
Discourse Factor, and their response to students’ thinking, this study also illuminates the 
challenges of accurately capturing PSTs’ beliefs. More research is required to understand how 
PSTs’ beliefs may be related to their noticing of students’ mathematical thinking, including 
continuing to refine measures to accurately capture such beliefs.  
Overall, findings from this study suggest that PSTs’ interpretation of students’ math 
thinking is math content-specific. In other words, PSTs’ MKT of fraction concepts, not 
necessarily success in prior math courses, or developing their noticing through specifically 
designed activities, supports their interpretation of students’ thinking in a fraction problem. 
Consequently, in addition to developing PSTs’ noticing of students’ thinking through purposeful 
activities, mathematics teacher educators must also support PSTs’ development of MKT of 
elementary math content in order to enable PSTs to best interpret students’ thinking. 
Additionally, results support the use of short, video-based noticing activities as an effective way 
to support PSTs’ noticing, through both exposing them to students’ complex mathematical 
reasoning, as well as helping them develop skills in noticing.  
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CHAPTER 1: INTRODUCTION 
 
The Complexities of Learning to Teach 
Dissatisfaction with the current state of education and student performance, such as the 
United States’ relatively low performance in international mathematical assessments (National 
Mathematics Advisory Panel, 2008), has brought attention and criticism to the ways that colleges 
and universities are preparing future educators for their own classrooms (Zeichner, Payne, & 
Brayko, 2014). In the eyes of many, the actuality of university-based teacher education has fallen 
short of its ambitions. These programs have been criticized for being disconnected from the 
reality of classrooms, not meeting the needs of diverse learners, being closed-off and secluded 
from public education, and being generally ineffective at teaching preservice teachers (PSTs) the 
skills and practices that they will need to become effective teachers (Darling-Hammond, 2000). 
Complicating factors even further is that many, including some policymakers, view teaching as a 
job that most educated adults can do reasonably well (Darling-Hammond, 2006).  
However, research has shown that teaching is a complex profession in which high-quality 
training impacts teacher effectiveness and ultimately students’ outcomes (Darling-Hammond & 
Skyes, 2003; Darling-Hammond, Holtzman, Gatlin, & Heilig, 2005). Novice elementary teachers 
may be expected to differentiate instruction for diverse learners, teach through problem solving 
to develop students’ conceptual understanding, increase students’ standardized test scores, have 
depth and breadth in their knowledge of pedagogy and content, provide meaningful feedback to 
students, attend to daily activities such as meetings and professional development, all while 
understanding the complex social and cultural structures that affect the classroom. In addition, 
elementary teachers are often expected to be content-area specialists in all subjects, which 
require depth and breadth of knowledge of the subject matter and pedagogy.  
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A math classroom is a highly complex environment that requires teachers to be skilled in 
dozens of math-specific practices to accomplish high-quality instruction, such as facilitating 
productive math discussions, selecting appropriate tasks, building students’ conceptual and 
procedural fluency of math concepts, using appropriate manipulatives and representations, and 
promoting a positive disposition towards math in their classroom (Martin, 2007; National 
Council of Teachers of Mathematics, 2014). In recent years, the teacher education community 
has increasingly focused on such practices of high-quality math instruction, especially in relation 
to the content of university-based teacher preparation courses, and how PSTs can be best 
prepared to enter the complex teaching profession (Ball & Cohen, 1999; Ball, Sleep, Boerst, & 
Bass, 2009; Grossman et al., 2009).  
Professional Noticing 
The mind receives an exceptional amount of information from its surroundings at any 
given moment but can only consciously focus on a select amount of that information (Lamme, 
2003). This idea, applied to the context of teaching and classrooms, is what Sherin, Jacobs, and 
Philipp (2011) describe as professional noticing, “the process through which teachers manage the 
‘blooming, buzzing, confusion of sensory data’ with which they are faced, that is, the ongoing 
information with which they are presented during instruction” (p. 5). Research has mainly 
focused on a type of noticing that looks at smaller portions of the larger classroom system 
(Sherin & Star, 2011), which views teacher noticing as an iterative process composed of several 
elements (Figure 1.1). First, a teacher in the classroom is exposed to many complex, 
simultaneous interactions and events. Second, a teacher has to focus on, or attend to, a particular 
event, such as a student working on a math problem or explaining their solution to their peers. 
Third, the teacher interprets what is happening by making sense of the event. In the example of 
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attending to a student explaining their solution to their peers, this step can mean that the teacher 
interprets the student’s thinking through their explanation. Finally, the teacher responds in some 
way in light of that interpretation, possibly by asking the student for clarification or posing an 
additional problem. A teacher may even respond by choosing to walk away and not intervene in 
the discussion. This cycle happens numerous times during a math lesson, where a teacher is 
constantly attending to, interpreting, and responding to the classroom environment. Although 
there are several different conceptions of teacher noticing, there is a consensus that it involves 
both attending to and making sense of specific classroom events (Sherin et al., 2011). Teacher 
noticing has been referred to as a “hidden core practice” (Jacobs & Spangler, 2017), meaning 
that while a critical classroom practice for teachers, much of a teacher’s noticing is un-
observable since it is contained within a teacher’s mind.  
 
Figure 1.1. “Noticing as the Selection of Noticed-Things from Sense Data.”  This figure 
illustrates the iterative cycle of noticing as described by Sherin & Star (2011) (p. 69-70).  
  
For this study, I will specifically be drawing upon Jacobs, Lamb, and Philipp (2010) 
conception of professional noticing of students’ mathematical thinking, which consists of three 
parts: (1) attending to children’s mathematical strategies, (2) interpreting children’s 


















mathematical understandings, and (3) deciding how to respond based on children’s 
understandings. These components correspond with the steps indicated in Figure 1.1 but are 
specific to the noticing of students’ mathematical thinking. Noticing of students’ math thinking 
can be related to other crucial teaching practices for high-quality mathematics instruction, such 
as orchestrating classroom discussion or lesson design considering students’ prior knowledge. 
Given its role of prominence in the classroom, teacher noticing has been a research focus in 
recent years and has been incorporated into mathematics teacher education programs. In a survey 
of 79 math teacher educators investigating impactful activities in math teacher education, 
Kastberg, Sanchez, Edenfield, Tyminksi, and Stump (2012) found that noticing students’ 
mathematical thinking was a valued activity by survey participants. The authors suggest that 
“these skills are not a part of the typical knowledge of adult learners and presented evidence that 
with experience and training, teachers can become much more effective at attending, 
interpreting, and responding to student thinking” (p. 1264).  
Although researchers have investigated how teachers may progress through expertise in 
noticing (Jacobs et. al, 2010; Schoenfeld, 2011) and how to support teachers in improving their 
noticing of students’ mathematical thinking through interventions (Jacobs & Spangler, 2017; 
Start & Strickland, 2008; Teuscher, Leatham, & Peterson, 2017), there are still some unknowns 
in the realm of teacher noticing. In particular, there has been limited research investigating which 
factors enable teachers to notice students’ mathematical thinking. Little research has explored 
how such factors, such as knowledge and beliefs, are related to elementary PSTs’ noticing of 
students’ mathematical thinking. Still, some scholars have assumed or hypothesized that teacher 
knowledge and beliefs are important in noticing. As Schoenfeld (2011) explains: 
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Noticing is essential, but it does not suffice by itself. It takes place within the context of 
teachers’ knowledge and orientations; and the decisions that teachers make regarding 
whether and how to follow up on what they notice are shaped by the teachers’ knowledge 
(more broadly, resources) and orientations (p. 233).  
Statement of the Problem 
The present study examines elementary PSTs during their first math methods course in a 
university-based teacher education program. The intention of this study is to gain a deeper 
understanding of how PSTs’ knowledge, beliefs, and experiences, both before and during the 
course, are related to their noticing of students’ mathematical thinking.  
Research Questions 
To investigate these relationships, the following questions guide the study:  
1. How does PSTs’ Mathematical Knowledge for Teaching about fractions relate to their 
noticing of students’ thinking about fractions? 
a. Do PSTs with greater MKT demonstrate a higher level of noticing of students’ 
thinking about fractions? 
b. Does an increase in PSTs’ MKT correspond to growth in their noticing of 
students’ thinking about fractions?   
c. How does the nature of PSTs’ noticing of students’ thinking about fraction relate 
to their MKT? 
2. How do PSTs’ beliefs about the role of children’s thinking in math teaching relate to 
their noticing of students’ thinking about fractions? 
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a. Do PSTs who place more significance on the role of children’s thinking in math 
teaching demonstrate a higher level of noticing of students’ thinking about 
fractions? 
b. Does a shift in PSTs’ beliefs about the role of children’s thinking in math teaching 
correspond to growth in their noticing of students’ thinking about fractions? 
c. How does the nature of PSTs’ noticing of students’ thinking about fractions relate 
to their beliefs about the role of children’s thinking in math teaching? 
3. What is the relative contribution of increased knowledge, beliefs, or experiences with 
noticing to the increase in PSTs’ level of noticing of students’ thinking about fractions? 
Conceptual Framework  
Figure 1.2 presents two conceptual frameworks. The first highlights the emphasis that 
past research on elementary PSTs’ noticing of students’ mathematical thinking has concentrated 
on the relationship between specific intervention activities, typically within a math methods or 
content course, and increases in PSTs’ ability to notice students’ mathematical thinking. This 
research has broadly demonstrated that various activities or interventions have been useful in 
supporting PSTs to improve their noticing of students’ mathematical thinking over time (Jacobs 
et al., 2010; Mitchell & Marin, 2015; Teuscher et al., 2018). The second framework in the figure 
guides this study. This framework builds on, but goes beyond, much of the past work with 
elementary PSTs’ noticing of students’ mathematical thinking by considering the possible 
mediating role of PSTs’ knowledge and their beliefs about the role of children’s thinking in math 
teaching. Additionally, PSTs’ knowledge and beliefs exist within the context of their experiences 
and are influenced by and related to them (Fives & Buehl, 2012). I attempt to capture some of 
this complexity in the model by situating increases in knowledge and beliefs within PSTs’ 
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experiences, and considering how experiences can be forces of change in knowledge and beliefs.  
Specifically, I consider some proxies for PSTs’ mathematics backgrounds, as well as their field 
experience during their mathematics methods course, and how these might shape students’ 
noticing. 
Most of Past Research on Elementary PSTs’ Noticing of Students’ Mathematical 
Thinking 
 
Conceptual Model for This Study 
 
Figure 1.2. Conceptual framework guiding past research and the current study. 
 
This study involves two groups of PSTs, with one section of the course participating in 
noticing activities over the semester and the comparison sections not participating in such 
activities. PSTs’ experiences with noticing activities will also be considered in the analyses, 
which may help shed light on how such activities may be related to increasing PSTs’ noticing of 
students’ mathematical thinking, especially in comparison to a course that does not have those 
type of activities.  
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To increase the coherence and focus for the study, I selected one mathematical content 
area to focus all instruments, fractions. More specifically, 92 PSTs took assessments at the start 
and end of the semester to measure their noticing of a student’s thinking while working on a 
fraction subtraction problem in a video. At the same two time points, PSTs’ Mathematical 
Knowledge for Teaching (MKT; Ball, Thames, & Phelps, 2008) was measured in relation to 
fraction concepts, as well as their beliefs about the role of children’s thinking in math teaching. 
Some information on PSTs’ past experiences as a math student and experiences with observing 
and teaching math were also collected. The large number of study participants allows me to 
investigate statistically significant relationships to identify how PSTs’ knowledge, beliefs, and 
experiences may be related to their noticing of students’ mathematical thinking. Using a mixed 
methods study design (Creswell, 2014; Johnson & Onwuegbuzie, 2004), I use qualitative 
analyses to shed further light on these relationships in order to develop a deeper understanding of 
the complexity of these factors as mediators in elementary PSTs’ noticing of students’ 
mathematical thinking.   
Potential Contribution 
Although other studies have looked at the level of PSTs’ noticing and which activities 
may promote noticing in teacher education, this study examines how PSTs’ knowledge and 
beliefs may impact their noticing. This informs teacher education by gaining a better 
understanding of what factors contribute to PSTs’ differing levels of noticing, as well as provides 
insight into how noticing may be more effectively promoted in teacher education. For example, 
if I find that one factor, such as PSTs’ knowledge, is related to changes in their interpretation of 
students’ mathematical thinking, it provides evidence for how to support PSTs in improving their 
ability to understand students’ thinking by increasing their knowledge. Additionally, the pre and 
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post design, as well as the large sample size of this study, allows me to investigate how the 
components of noticing are related to each other. Past research has largely assumed that teachers’ 
noticing of students’ mathematical thinking is ordered, or follows the steps outlined in Figure 
1.1, but empirical evidence supporting this assumption is limited (Bruckmaier, Krauss, Blum & 
Leiss, 2016; Jacobs et al., 2010; Santagata & Yesh, 2016; Pankow et al., 2016; Scheiner, 2016). 
This study also makes methodological contributions in the creation of a Situational Beliefs 
Instrument to understand PSTs’ beliefs about the role of students’ thinking in math teaching in a 
more qualitative way in addition to their responses to Likert items.    
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CHAPTER 2: REVIEW OF RELEVANT RESEARCH 
 
In this chapter, I review the literature on PSTs’ noticing of students’ mathematical 
thinking and how PSTs’ knowledge and beliefs may be related to their noticing of students’ 
mathematical thinking. I begin the chapter with an overview of teacher noticing and discuss 
teachers’ noticing of students’ mathematical thinking. Then I address the literature on PSTs’ 
noticing and how video activities have been used to promote PSTs’ noticing. Finally, I discuss 
what is known and not known about how elementary PSTs’ mathematical knowledge and beliefs 
about mathematics may be associated with their noticing of students’ mathematical thinking. 
Teacher Noticing 
National organizations, such as the National Council of Teachers of Mathematics 
(NCTM) and the Association of Math Teacher Educators (AMTE), and education policies like 
the Common Core State Standards (National Governors Association, 2010) present a vision for 
math education that is centered around fostering students’ conceptual understanding of math 
(AMTE, 2017; NCTM 2000, 2014). NCTM and current math education research asserts that this 
type of math instruction should be learner-centered with students meaningfully engaging with 
mathematics to build conceptual understanding. According to proponents, such high-quality 
math instruction empowers all students in the math classroom (Hiebert, 2003; NCTM, 2000, 
2014; Martin, 2007; Stigler & Hiebert, 1999). In this type of math classroom, the role of the 
teacher shifts from the provider of knowledge to the facilitator of knowledge. When facilitating, 
a teacher is responsible for gathering student understanding through questioning and discussion 
to build understanding, which requires teachers to base their teaching in students’ thinking. This 
kind of instruction has been referred to as responsive teaching, where the teacher foregrounds 
and pursues the substance of students’ ideas in the classroom (Richards & Robertson, 2016). 
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In a move to go beyond abstract standards and principles in education, some researchers 
have identified a set of tasks and skills that teaching requires, or core teaching practices. By 
focusing on such practices, teacher educators can prepare PSTs for success in their future 
classrooms by learning the practices of the teaching profession. Additionally, the focus on core 
teaching practices may help university-based teacher education move towards addressing the 
day-to-day work of being a teacher, which has often been a criticism of such programs (Ball, 
Sleep, Boerst, & Bass, 2009; Grossman, Hammerness, & McDonald, 2009). Some have 
cautioned that the move towards practice-based teacher education risks moving equity and 
justice to the margin and reinforcing market-oriented ideologies within teacher education (Philip 
et al., 2018; Richmond, Bartell, Floden, & Petchauer, 2017). Indeed, determining which teaching 
practices are considered “core” as well as how differences in teaching choices are treated are 
necessary considerations within this work. It is critical to identify practices that can be used as a 
means to create more equitable classrooms, valuing and amplifying all students’ contributions.  
In their handbook chapter on core practices in K-12 math teaching, Jacobs and Spangler (2017) 
identify teacher noticing—attending to and making sense of classroom features, such as all 
students’ math thinking—as one of these core practices. 
Teachers naturally notice hundreds of events every day, such as the color of clothes and 
the weather, but professional teacher noticing is more than this type of noticing in a classroom 
(Mason, 2002). It is a specialized type of noticing specific to teaching that can be taught, 
improved, and refined (Goodwin, 1994; Schack et al., 2013; Schoenfeld, 2011). As Ball (2011) 
describes, “Noticing is not purely neutral attention, but culturally shaped perception. Noticing 
skillfully in teaching requires the development of understanding and discipline to control what is 
otherwise a natural, but not entirely appropriate, skill” (p. xxi). Teachers can notice different 
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aspects about students in a math classroom, such as their behavior, multiple math knowledge 
bases (Roth McDuffie et al., 2014), prior knowledge (González, Skultety, Vargas, Seat-Samet, 
2018), math thinking (Jacobs et al., 2010), content-specific thinking, such as algebraic thinking 
(Walkoe, 2014), or math practice-specific thinking, like pattern generalization (Callejo & 
Zapatera, 2017; El Mouhayar, 2017). All of these types of noticing have one thing in common, 
for a teacher to be responsive to any of these areas of a classroom, they must first attend to, or 
notice, what is happening in light of that specific area. For instance, a teacher must first attend to 
how power and participation are playing out in a group interaction to make instructional choices 
that interrupt who is holding the authority in a group. As such, to enact responsive teaching that 
foregrounds students’ thinking, it is necessary for teachers to notice students’ math thinking. 
As introduced in Chapter 1, noticing of students’ mathematical thinking specifically 
includes: (a) attending to children’s math strategies, (b) interpreting and making sense of 
children’s thinking, and (c) deciding how to respond based on their interpretation of students’ 
thinking (Jacobs et al., 2010). It is important to note that teachers’ noticing of students’ math 
thinking is a political act within a classroom. Which students’ ideas are attended and responded 
to, how their math thinking is taken-up, and whose reasoning is validated are related to how 
equity is enacted in the math classroom. I acknowledge the political nature of noticing of 
students’ mathematical thinking. However, given that this study is not situated within an 
elementary classroom context and uses an artificial environment of video to assess PSTs’ 
noticing, this critical consideration in the study of PSTs’ noticing of students’ mathematical 
thinking is outside the scope of this study. 
The importance of using students’ mathematical thinking in the classroom has been 
acknowledged for decades, and research has shown that a teachers’ ability to use mathematical 
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thinking in their classrooms is of great importance (Carpenter, Fennema, Peterson, Chiang, & 
Loef, 1989; Jacobs, Franke, Carpenter, Levi, & Battey, 2007; Steinberg, Empson, & Carpenter, 
2004). Franke, Carpenter, Levi, and Fennema (2001) found that professional development for in-
service teachers that focuses on how to attend to students’ mathematical thinking enables 
teachers to continue their professional development even after they are no longer participating in 
a formal program. By learning to attend to students’ thinking, math teachers can continually 
learn from the way that their students are thinking about math throughout the entirety of their 
career. Additionally, research has shown that when teachers pay close attention to students’ 
thinking, there can be a significant impact on students’ learning (Carpenter, Fennema, Franke, 
Levi, & Empson, 1999; Fennema et al., 1996; Kersting, Givvin, Sotelo, & Stigler, 2010). 
PSTs’ Noticing of Students’ Math Thinking 
Noticing students’ math thinking is necessary to enact responsive teaching, but it is a 
challenging practice, especially for novice teachers. Every classroom environment is complex, 
with multiple interactions and details competing for a teacher’s attention. It is difficult for a 
teacher to determine what aspects of the classroom are worthy of attention and should be 
included in making instructional choices. A novice teacher often allocates much of their energy 
and practice to classroom management, meaning they spend a considerable amount of time 
noticing students’ behavior. Comparatively, expert teachers spend significantly less time 
attending to classroom management and spend more time engaging in diagnostic teaching, where 
they notice and make instructional choices in light of students’ thinking (Schoenfeld, 2011).  
Jacobs et al. (2010) compared the noticing of students’ mathematical thinking for three 
cohorts of practicing elementary teachers with varying degrees of experience in a professional 
development program, and one cohort of elementary PSTs enrolled in their first math content 
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course. The professional development program utilized Cognitively Guided Instruction (CGI; 
Carpenter et al., 1999), which focuses teachers on students’ mathematical thinking and how to 
use students’ thinking during instruction. Participants were asked to answer to three prompts in 
response to a video clip and written student work about the what the student did, what they 
interpreted about the student’s thinking, and how they would respond to the student. Participants’ 
responses were coded according to the evidence they provided. Of all the cohorts, the PSTs had 
the lowest score on all three prompts, and the cohort’s mean scores increased according to the 
amount of experience they had with CGI. These findings demonstrate how noticing students’ 
math thinking is a learnable practice, and that it can be the most challenging for those with less 
experience, such as PSTs.  
Star and Strickland (2008) identified similar patterns, where PSTs tend to notice non-
mathematically consequential events, such as classroom management or environment, and fail to 
notice students’ math thinking. In their study, 28 secondary PSTs watched an eighth-grade 
classroom video from the TIMSS study and were assessed at the start and end of the semester. 
The assessments included a series of true/false, multiple choice, and short answer questions to 
gauge attention to five classroom features: classroom environment, classroom management, 
mathematical content, tasks, and communication. The questions purposefully ranged from 
aspects of the classroom such as the physical arrangement of desks to more mathematically 
centric aspects, such as mathematical content addressed in the lesson. After the pre-assessment, 
PSTs were introduced to an observation framework designed for the course using the same five 
categories as the assessment and two additional course assignments that were relevant to the 
study. The first assignment asked the PSTs to view the video again and submit a paper about 
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what they noticed in the second viewing that they previously had not noticed. In the second 
assignment, PSTs wrote a paper describing the classroom following a classroom observation.  
The PSTs had a mean score of 62% correct on the pre-assessment. In line with previous 
research (Sabers, Cushing, & Berliner, 1991), the PSTs’ highest scoring category was classroom 
management, with a mean score of 80%. This showed that PSTs were quite skilled at noticing 
details of the classroom, such as how often students moved from their seats, that the class was 
arranged in groups, students’ raised hands, etc. In the post-assessment, there were gains in all 
categories, except for the highest performing category in the pre-test, classroom management, 
which stayed at a mean score of 80%. Classroom environment went from a mean score of 44% to 
85%, tasks improved from 65% to 80%, mathematical content from 54% to 70% and 
communication from 60% to a 70%. The largest gain was in classroom environment, where PSTs 
scored the lowest in the pre-assessment and highest in the post-assessment. The authors suggest 
that the additional assignment of reviewing the pre-assessment video again may have been an 
influential factor in attending to the classroom environment. In this assignment, 65% of the new 
observations were related to classroom environment. Additionally, it is possible that in the pre-
assessment, participants did not know what the assessment would entail. After taking the first 
assessment, PSTs knew they would be asked questions about how many students are in the class, 
the demographics of the class, etc. Anticipating that the questions would be similar, they noted 
these details for the post-assessment.  
A replication study of Star and Strickland (2008), Star, Lynch, and Perova (2011) slightly 
modified the pre-and post-assessments and found similar gains in noticing with 30 secondary 
PSTs in classroom environment and communication, but the PSTs decreased noticing in tasks 
and mathematical content. The authors speculate that some of the differences may have come 
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from lower pre-assessment scores than observed by Star and Strickland (2008), or perhaps the 
categories of tasks and mathematical content are so closely related that they measured similar 
aspects of attending. This study additionally investigated PSTs’ noticing of mathematically 
focused and classroom culture features, finding that participants’ noticing in both categories 
improved from 53% to 59% (p < 0.05) for mathematically focused aspects and from 50% to 65% 
(p < 0.001) for the rest of the questions.  
Teacher Noticing in PST Education  
Cultivating PSTs’ ability to notice provides in-depth experiences in decomposition of 
practice by breaking the exceptionally complex task of teaching a math lesson into smaller 
portions to be investigated and practiced (Grossman et al., 2009; Sherin et al., 2011; Ball & 
Cohen, 1999; Grossman & McDonald, 2008; Lampert, 2001). Activities that scaffold the 
complexities of how and what to notice support PSTs to notice students’ mathematical thinking 
and enact high-quality math instruction in their future classrooms. Additionally, in providing the 
opportunity for discussion with peers, as is common for some noticing activities (Fisher et al., 
2014; Roth McDuffie et al., 2014), PSTs participate in a community of practice (Lave & 
Wenger, 1991; Wenger, 1998) where they can discuss and develop their own understanding of 
noticing of students’ mathematical thinking. 
Using video to promote PSTs’ noticing. To support PSTs in developing their ability to 
notice students’ math thinking, math content and methods courses often incorporate activities to 
focus PSTs on students’ mathematical thinking. Analyzing students’ written work has been used 
to gain insight into students’ mathematical thinking and misconceptions (Fernández, Llinares, & 
Valls, 2013; Goldsmith & Seago, 2011; Jacobs et al., 2010; Sánchez-Matamoros, Fernández, & 
Llinares, 2014). In some cases, transcripts of fictional classroom interactions have also been used 
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to create scenarios that display students’ mathematical thinking for PSTs to analyze (Dreher & 
Kuntze, 2015). Rehearsal activities (Anthony, Hunter, & Hunter, 2015; Averill, Anderson, & 
Drake, 2015) and creating animations to reproduce salient portions of classroom video clips (de 
Araujo et al., 2015) have also been used with PSTs to practice and improve their professional 
noticing. 
Over the last few decades, classroom videos have been increasingly used in teacher 
preparation to analyze lessons, model expert teaching, show case studies, or analyze PSTs’ own 
teaching (Sherin, 2004). Videos of classrooms can be a resource for PSTs to grapple with the 
complexities and reflect upon teaching in profound ways (Karsenty & Sherin, 2017; Schoenfeld, 
2017). The use of videos will likely become more commonplace in the coming years with the 
implementation of edTPA, a recent addition to qualifications for teacher certification in a 
growing number of institutions and states, which requires teacher candidates to submit videos 
and reflections of their own teaching (American Association of Colleges for Teacher Education, 
2016). Video can be used to bridge the often-disconnected theory found in the university and 
practice of in-service teachers by providing authentic examples and experiences of teaching-in-
action (Abell & Cennamo, 2004). Additionally, due to the reality of some teacher education 
programs, PSTs may not have the opportunity to observe high-quality math instruction in their 
field experiences, and videos may be able to provide concrete examples of such instruction.  
The use of video to promote PSTs’ noticing of students’ math thinking provides several 
advantages. Noticing of students’ thinking can be difficult for PSTs during observations in 
schools because of the complexity of the classrooms and the many distractions (Berliner et al., 
1988). The nature of video already filters out some of the activities or interactions in a classroom 
and consequently minimizes the number of distractions. Additionally, videos allow the viewer to 
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manipulate the input, such as mute the sound to focus on student actions or re-watch video 
segments. However, classroom video also comes with challenges when working with PSTs. 
Decisions must be made about what the video shows, who is teaching (the PSTs or an unknown 
teacher), as well as the length, focus, and the quality of teaching in the video. Due to these 
choices, videos can be perceived as inauthentic and manipulated classroom instruction that are 
only demonstrating certain aspects of teaching, especially depending on the level of editing 
apparent in the video. Consequently, teacher educators should be cautious of the types of videos 
that are shown to PSTs, to ensure that there is a goal or purpose for viewing the video 
(Blomberg, Sherin, Renkl, Glogger, & Seidel, 2014). Despite possible challenges, the use of 
video for math teacher educators provides opportunities for PSTs to observe teaching practices 
as well as provide the opportunity to observe students working on mathematics in ways that may 
not be possible during their field experiences.  
Many studies over the last decade have examined what elementary PSTs notice when 
viewing classroom videos in a variety of ways. Some studies have PSTs watch an entire lesson 
(Santagata, Zannoni, & Stigler, 2007; Star & Strickland, 2008; Star, Lynch, & Perova, 2011) and 
others have PSTs watch snippets or vignettes of classroom interactions (Jacobs et al., 2010; 
Sherin & van Es, 2002; 2005). Some research requires PSTs to annotate video, capturing PSTs’ 
noticing while in the process of watching the video (Fadde & Sullivan, 2013; Santagata et al., 
2007), while others have PSTs write responses to prompts or answer questions after watching the 
video (Jacobs et. al, 2010; Krupa, Huey, Lesseig, Casey, & Monson, 2017; Star et al., 2011) 
Some studies use publicly available videos (Santagata & Yeh, 2014; Start & Strickland, 2008; 
Simpson, Vondrová, Žalská, 2018), and others have PSTs watch a video of their own teaching 
(Mitchell & Marin, 2015; Sherin & van Es, 2005; Roller, 2016). These studies help to build an 
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understanding of what PSTs tend to notice as well as how to develop higher levels of noticing 
over time. Broadly speaking, these studies indicate that PSTs tend to notice less mathematically 
substantial events but can learn to attend to students’ math thinking with practice (Stahnke, 
Schueler, & Roseken-Winter, 2016). 
Factors Related to PSTs’ Noticing of Students’ Mathematical Thinking 
Over the past decade, our understanding of PSTs’ noticing of students’ mathematical 
thinking has become more refined. Research has addressed what activities in teacher education 
programs can support PSTs in shifting their attention to more salient mathematical moments in 
math classrooms. However, notably less research has investigated why PSTs notice what they do 
(Scheiner, 2016). Some have suggested that differences in noticing could be due to individual 
differences in knowledge, beliefs, or experiences (Schoenfeld, 2011; Star & Strickland, 2008; 
Willis, 2017). Indeed, some research has found that PSTs’ instructional practices are often 
shaped, in part, by the complex interconnection of their knowledge and beliefs (Clark et al., 
2014). However, there has been mixed research indicating the degree to which these factors 
impact instruction. Although some research has identified consistency among teachers’ 
knowledge, beliefs, and practice (Stipek, Givvin, Salmon, & MacGyvers, 2001), others have 
found inconsistency among these factors and teachers’ practice, especially for novice teachers 
(Desimone, Hochberg, & McMaken, 2016; Raymond, 1997).  
Some scholars caution against reducing the contextual practice of noticing to teachers’ 
individual characteristics, since such characteristics do not necessarily determine how a teacher 
teaches (Herbst, Chazan, Kosko, Dimmel, & Erickson, 2016; Jacobs & Spangler, 2017). I argue 
that as the field moves towards practice-based math teacher education, it is necessary to 
understand how to support the implementation of and growth in such practices. If PSTs’ 
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knowledge or beliefs particularly support or hinder one component of noticing students’ 
mathematical thinking, it is helpful to be aware of those relationships in planning interventions. 
Much of the research on PSTs’ noticing claims that participation in activities that support PSTs’ 
noticing increases their ability to notice students’ math thinking. However, in methods or content 
courses, where most past research has been conducted, PSTs’ math knowledge, beliefs, and 
experiences are presumably transforming at the same time, and may consequently be a 
contributing factor in PSTs’ growth in their ability to notice students’ mathematical thinking.  
To understand each potential factor’s role in noticing students’ mathematical thinking, I 
discuss PSTs’ knowledge, beliefs, and experiences separately, particularly in the quantitative 
portions of this study. However, it is critical to note that these factors are fundamentally related 
(Ambrose, 2004), and they influence each other. For instance, Ren and Smith (2018) identified a 
statistical relationship between in-service elementary teachers’ math knowledge and teacher-
centric beliefs about math teaching. Additionally, some experiences, such as the number of 
college math courses taken, and perceived support from colleagues and administrators, were also 
related to teachers’ beliefs. In this section I first briefly discuss how PSTs’ experiences, 
especially with field placements, have been investigated in relation to their noticing of students’ 
mathematical thinking. Then, I address the research on PSTs’ Mathematical Knowledge for 
Teaching and what is known about how it is related to their noticing. Next, I review research that 
has examined the relationship between elementary PSTs’ beliefs and their noticing of students’ 
mathematical thinking. Finally, as fraction concepts are used for coherence amongst the 




PSTs’ Experiences and Their Noticing of Students’ Mathematical Thinking 
As the participants in this study were simultaneously in a practicum experience, these 
experiences are considered in the conceptual framework (shown in Chapter 1), since they are 
likely related to PSTs’ beliefs and knowledge (Jacobson, 2017). Researchers have investigated 
how PSTs’ noticing may change in such classroom experiences. However, those studies are 
conducted with interventions within the practicum. For example, Mitchell and Marin (2015) held 
five, 90-minute video clubs (Sherin & Han, 2004) with four elementary PSTs while completing 
their practicum in the first semester of their senior year. The participants were instructed to use a 
simplified version of the Mathematical Quality Instruction (MQI) framework (Hill et al., 2008) 
which mainly focused on the “use of math with students,” and “student work with mathematics.” 
The MQI instrument is a lesson observation protocol intended to highlight the instructional 
triangle, the interactions among teacher, student, and content (Cohen, Raudenbush, & Ball, 
2003). The PSTs selected 20-minute videos of their own teaching to share, which each 
participant individually viewed and coded before meeting. During the video club, the four PSTs 
and facilitator discussed and reconciled their coding, providing evidence from the video 
transcript when necessary. Analysis revealed an overall increase in PSTs’ noticing of students’ 
mathematical thinking, particularly in relation to three shifts: increased discussion about 
mathematical thinking, becoming less evaluative in the discussions, and increased noticing of 
teacher-student relationships.  
Although Mitchell and Marin did demonstrate how PSTs’ noticing of students’ 
mathematical thinking can change while in a practicum placement, the authors attribute this 
change to the intervention with the MQI instrument and their participation in video clubs. They 
concluded that the intervention within the practicum increased the PSTs’ noticing, without 
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considering how the practicum experience alone may have shifted their noticing. Other studies 
that investigate PSTs’ noticing of students’ mathematical thinking within field experiences are 
similar in that they use an intervention associated with the field experience. For example, past 
studies have investigated how PSTs’ participation in a Lesson Study intervention (Amador & 
Carter, 2018), enrollment in a field-based methods courses (Amador & Weiland, 2015), or 
analyzing students’ work during intern teaching (Dick, 2017), was related to their noticing of 
students’ thinking during field experiences. While these studies demonstrate that such 
interventions can increase PSTs’ noticing, they do not consider the field experience alone 
without an intervention.  
PSTs’ Mathematical Knowledge for Teaching 
Shulman (1986) called attention to the different frames of knowledge that are unique and 
necessary for teachers, pedagogical content knowledge. He asked questions that are central to the 
teaching profession about what teachers need to know and how they learn it. He specifically 
wonders about the transition from being a student to a novice teacher and how one acquires the 
knowledge necessary for the profession. In 1987, Shulman described seven categories of teacher 
knowledge but highlights pedagogical content knowledge of interest because “it represents the 
blending of content and pedagogy into an understanding of how particular topics, problems, or 
issues are organized, represented, and adapted to the diverse interests and abilities of learners, 
and presented for instruction” (p. 8). 
Ball, Thames, and Phelps (2008) built on Shulman’s work with pedagogical content 
knowledge, and the broader understanding of teacher knowledge specifically in relation to the 
teaching of mathematics, and describe what they call, Mathematical Knowledge for Teaching 
(MKT, refer to Figure 2.1). Ball et al. echoed Shulman’s concern that current teacher education 
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is not adequately addressing the knowledge necessary for teachers, “Unfortunately, subject 
matter courses in teacher preparation programs tend to be academic in both the best and worst 
sense of the word, scholarly and irrelevant, either way remote from classroom teaching.” (p. 
404). By breaking down the complex types of knowledge that teachers require, teacher education 
and the profession of teaching can begin to understand what types of knowledge are necessary 
for classroom teachers. Teacher education can then make strides towards courses that prepare 
PSTs with the knowledge and experience necessary for their future. In building on Shulman’s 
understanding of teacher knowledge, Ball et al. developed a way to frame the areas of knowledge 
necessary for mathematics teaching.  
 
Figure 2.1. Domains of Mathematical Knowledge for Teaching (Ball et al., 
2008).  
 
In the proposed model of MKT, the knowledge of mathematical content necessary for 
teaching goes beyond common content knowledge (CCK), or general mathematical knowledge 
for adults, which allows teachers to assess the correctness of a response (Ball et al., 2008). In the 
MKT model, math teachers also require knowledge of how mathematical concepts sequence 
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together over years, horizon content knowledge (Ball, 1993). Additionally, math teachers have 
specialized content knowledge (SCK), which refers to the specific type of knowledge necessary 
to teach a mathematical concept, such as the knowledge to anticipate students’ misconceptions, 
or identify students’ unique approaches to solving a mathematical task (Ball, Hill, & Bass, 2005; 
Hill, Schilling, & Ball, 2004). SCK moves beyond being able to perform procedures correctly, to 
providing mathematical justifications for the procedures, and beyond evaluating the correctness 
of a student’s response to determining the source of their errors. It may appear that SCK is 
simply a deep understanding of mathematical concepts included in CCK. However, Ball et al. 
clarify, “Accountants have to calculate and reconcile numbers and engineers have to 
mathematically model properties of materials, but neither group needs to explain why, when you 
multiply by 10, you ‘add a zero’ (p. 401).” SCK is a type of knowledge specific to mathematics 
teachers that is unnecessary for the general adult population.  
The relationship between PSTs’ knowledge and their noticing. Studies investigating 
how mathematical knowledge is related to in-service teachers’ classroom noticing have indicated 
that there is a moderate relationship between in-service teachers’ knowledge and their noticing 
(Bruckmaier et al., 2016; Kersting, 2008; Knievel, Lindmeier, & Heinze, 2015). Dreher and 
Kuntze (2015) conducted a study with 67 German secondary PSTs investigating how their 
knowledge, specifically their knowledge of multiple representations, was related to their noticing 
of students’ thinking.1 Participants’ pedagogical content knowledge and content knowledge was 
assessed by a multiple choice and Likert item measure, and they were given transcripts of a 
fictitious classroom exchange to measure their attention to a teacher’s use of multiple 
                                               
1 This study also included 77 in-service secondary teachers. This portion of the study was 
omitted due to the scope of this review. 
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representations. PSTs had difficulty attending to the use of multiple representations, but their 
content knowledge was weakly, but significantly, related to their ability to attend to the use of 
multiple representations. These findings imply that limited content knowledge may be a barrier 
in PSTs’ ability to attend to a specific classroom event. Although this study was with secondary 
PSTs, it provides evidence that a similar relationship could exist for elementary PSTs. However, 
secondary mathematics PSTs likely have more positive experiences with mathematics and higher 
MKT, so their relationship between MKT and noticing may differ from elementary PSTs.  
In a study of 354 preschool PSTs in a vocational secondary school in Germany, 
Dunekacke, Lars Jenßen, Eilerts, and Blömeke (2016) investigated the relationship among 
participants’ mathematical content knowledge, mathematics pedagogical content knowledge, 
beliefs about mathematics, and their perception and planning abilities. Results showed PSTs’ 
MPCK and their Application-Oriented beliefs (about how mathematics is applicable to real-life 
situations), were statistically correlated with their perception of student’s thinking. Although 
PSTs’ content knowledge was not statistically correlated with their perception, their perception 
of students’ thinking was statistically related to their mathematics pedagogical content 
knowledge.  
Few studies have examined the relationship between elementary PSTs’ MKT and the 
noticing of students’ mathematical thinking. In a dissertation study investigating this 
relationship, Flake (2014) investigated the relationship between elementary PSTs’ ability to 
notice students’ mathematical thinking and their MKT during a methods course that mainly 
focused on NCTM and mathematics reform, stressing the importance of problem solving and 
assessment. Three videos of individual interviews with children working on operation problems 
were shown throughout the course, and PSTs were instructed to answer questions based on the 
 26 
three components of noticing students’ mathematical thinking. PSTs’ MKT was assessed by pre- 
and post-testing using the Mathematical Knowledge for Teaching assessment created by 
Learning Mathematics for Teaching project, specifically the elementary number and operations 
set of questions. Flake found that while there was a change in PSTs’ responding component of 
noticing student’s mathematical thinking, there was no significant change in the other two 
components of noticing or in PSTs’ MKT. However, the lack of change in MKT could be 
because the content of numbers and operations was not specifically addressed in the course.  
Thomas, Jong, Fisher, and Schack (2017) discuss that they used the same MKT 
assessment as Flake (2014) to measure 94 elementary PSTS’ MKT. The PSTs participated in a 
five-week noticing module that was intended to teach PSTs about the importance of noticing 
students’ thinking, using evidence in attending and interpreting students’ thinking, and to make 
instructional choices based on students’ mathematical thinking. The PSTs demonstrated 
statistically significant growth in their attention, interpretation, and responding to students’ 
mathematical thinking over the course. However, there was no statistical relationship between 
PSTs’ scores on components of noticing and their MKT scores at the start of the semester and 
only a slight correlation between MKT and PSTs’ attention to students’ thinking at the end of the 
semester. The authors state that a disconnect between the topic of the modules, early numeracy 
development, and the MKT assessment over number and operations may have been one reason 
why the anticipated relationship was not significant. 
Although Thomas et al. (2017) failed to identify an empirical relationship between PSTs’ 
MKT and noticing, they identified ways that the two frameworks are related. The proposed 
theoretical model, shown in Figure 2.2, synthesizes how teachers’ MKT may be related to how 
responsive teachers’ instruction is to students’ mathematical thinking. The responsiveness that 
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the authors describe is broader than one instructional move that is in direct response to their 
attention to and interpretation of students’ mathematical thinking in a single classroom event. 
Instead, the authors describe responsiveness as adaptive instruction (Westwood, 1996), which is 
similar to the responsive teaching described at the start of this chapter. The authors claim that 
such instruction is the “broad manifestation of the component skills of professional noticing” (p. 
13). Their model highlights specific teaching outcomes for teachers at varying levels of MKT 
and responsiveness to students’ thinking and is intended to be treated as a continuum, not 
necessarily a dichotomy. The authors pose that “effective professional noticing occurs at the 
intersection of developed MKT and a high level of responsiveness to the mathematical activities 
of students” (p. 14). This model provides a framework for which MKT is enacted in teachers’ 
practice, with the implication being that all three components of noticing students’ mathematical 
thinking (attending, interpreting, and responding) are necessary for responsive teaching. If this is 
indeed the case, then one would expect to find a relationship among PSTs’ MKT and their 
attention to, interpretation of, and responding to students’ mathematical thinking. 
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Figure 2.2. Hypothesized outcomes for the relationship between professional noticing and 
MKT (Fisher et al., 2017, p. 14).  
 
In presenting the synthesized framework between noticing of students’ mathematical 
thinking and MKT and how they are enacted in a classroom through responsive teaching, 
Thomas et al. (2017) hypothesize that past studies, including their own, may not have identified 
an empirical connection between MKT and noticing due to limitations within measures. As 
described previously in this chapter, the authors conjecture that a lack of consistency between the 
math concepts addressed in the teacher education course and the mathematical content addressed 




PSTs’ Beliefs  
Teachers’ beliefs and their impact on teaching have long been an interest of education 
researchers and have led to a range of definitions (Fives & Buehl, 2012). For this review, beliefs, 
as defined by Philipp (2007) in the Second Handbook of Research on Mathematics Teaching and 
Learning, are “psychologically held understandings, premises, or propositions about the world 
that are thought to be true. Beliefs might be thought of as lenses that affect one’s view of some 
aspect of the world or as dispositions toward action” (p. 259). Even with experienced teachers, 
beliefs can interfere with observations (Grant, Hiebert & Wearne, 1998) and they are linked to 
most instructional practices and decisions (Artzt, 1999), meaning that they likely impact most, if 
not all, aspects of teaching in some way. Furthermore, teachers’ beliefs can be stubborn and 
difficult to change (Calderhead & Robson, 1991; Kagan, 1992; Philipp, 2007), even for PSTs 
(Ambrose, 2004; Ensor, 2001). However, in an early methods course, PSTs may undergo 
significant changes as they are exposed to a “different” type of teaching that focuses more on 
conceptual understanding and moves away from the importance of algorithms and lecture that 
are typical of traditional math instruction (Kajander, 2007; Vacc & Bright, 1999) 
Beliefs act as a filter or frame through which a teacher views a classroom, which can 
ultimately impact teacher practices (Fives & Buehl, 2012; Pajares, 1992). All experiences are 
filtered through and framed by an individual’s beliefs, impacting the interpretation of events as 
relevant, framing the situation, and eventually guide a person’s actions (Fives & Buehl, 2012). 
Consequently, it is reasonable that the components of noticing of students’ mathematical 
thinking (attending, understanding, and responding) would be impacted by PSTs’ beliefs. This 
has been hypothesized in past research, such as Star and Strickland (2008) who noted that the 
participating PSTs’ beliefs and experiences may have mediated their ability to notice. However, 
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the limited research on the relationship between PSTs’ beliefs and noticing of students’ 
mathematical thinking has not indicated the anticipated relationship.  
The relationship between PSTs’ beliefs and their noticing. Several studies showed that 
when viewing videos of math classrooms, PSTs naturally notice less significant features of 
classroom instruction, such as behavior and management. It is possible that this tendency, in part, 
results from the apprenticeship of observation (Lortie, 1975). The apprenticeship of observation 
describes the “phenomenon whereby student teachers [PSTs] arrive for their training courses 
having spent thousands of hours as schoolchildren observing and evaluating professionals in 
action" (Borg, 2004, p. 274). This can be a pervasive difficulty for all of teacher education 
because by the time PSTs enter into university-based teacher education programs, they likely 
have strongly held beliefs about what constitutes “good” teaching, which often focus on 
superficial aspects of a classroom, such as teacher disposition and classroom management 
(Weinstein, 1989). Apprenticeship of observation impacts PSTs in significant ways, such as the 
forming of their beliefs (Grossman, 1991; John, 1996), which may be a contributing factor to 
why PSTs naturally attend to such aspects when viewing classroom video.  
Additionally, elementary PSTs tend to have a negative or neutral view of mathematics 
(Ambrose, 2004), and tend to view mathematics as a set of procedures (Foss & Kleinsasser, 
1996). This makes it especially important to understand how their beliefs and attitudes about 
themselves as teachers and doers of mathematics and about the teaching and learning of math are 
related to their noticing. For example, a PST who views classroom management as the most 
critical aspect of a classroom may be more apt to notice events pertaining to students’ behavior 
and the teacher’s control of the class. Contrastingly, a PST who views reasoning with the content 
as the most important factor in a classroom may not focus as much on the same students’ 
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behavior but may notice a student’s unique mathematical idea that was not attended to by the 
previous PST. While there are potential logical connections between PSTs’ beliefs and noticing, 
it is unclear how one may impact the other.  
In a study with 34 elementary PSTs who participated in two years of CGI training 
through their coursework, Vacc and Bright (1999) found that while the PSTs’ beliefs about math 
instruction changed significantly over the program, PSTs tended not to use students’ thinking to 
guide instructional planning or teaching. The authors present the cases of two PSTs to illustrate 
the relationship between beliefs and instruction. One of the cases demonstrates how a PST with 
large changes in beliefs over the program generally encouraged students to engage with math on 
a meaningful level while teaching in her practicum but did not utilize her knowledge of students’ 
understanding to plan future instruction. For the PST with high beliefs at the start of the program, 
her instruction seemed to diverge from CGI principles as she gained more experience. The 
authors note that it is possible that the PSTs’ math knowledge may have impeded their ability to 
implement CGI principles in their instruction since they might not have understood the math well 
enough to understand students’ thinking.  
Fisher et al. (2014) investigated how 123 elementary PSTs’ noticing of students’ 
mathematical thinking was related to their attitudes towards mathematics in a math methods 
course. The methods course focused on the factors of the Jacobs et al. (2010) framework and was 
designed to support PSTs’ attention to, interpretation of, and response to students’ mathematical 
ideas. There was a pre-and post-assessment of PSTs’ noticing of students’ mathematical 
thinking, and a separate instrument to measure their math attitudes. Noticing was measured by 
personal reflections after watching a 25-second video of a student working on an early numeracy 
mathematical task. Reflections were coded through an emergent coding process where each of 
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the three components of noticing students’ mathematical thinking was assigned a rubric score. 
The Attitudes Toward Mathematics Inventory (ATMI), a reliable instrument that consists of 40 
Likert-scale items relating to four factors of math attitudes (value, enjoyment, self-confidence, 
and motivation) was used to assess PSTs’ math attitudes (Tapia & Marsh, 2004, 2005). There 
were statistically significant increases in enjoyment, self-confidence, and motivation, as well as 
PSTs’ interpreting and responding. PSTs demonstrated less growth in their attention to students’ 
thinking, but this was likely due to the higher pre-assessment score in attending, leaving less 
room for improvement.  
There was not a statistically significant correlation between the change in noticing and 
the change in attitudes towards mathematics, but the authors propose that this may be due to 
PSTs’ high scores on the Likert scale at the start of the semester, which left little or no room for 
growth. While Likert-type items are suitable for large sample sizes, as in Fisher et al. (2014), and 
allow for statistical testing, they can limit participants’ ability to demonstrate growth over time 
(Philipp, 2007). Consequently, it would be worthwhile to investigate Likert items alongside more 
narrative, qualitative data to give a more complete picture of PSTs’ growth. The authors 
additionally suggest that the lack of statistical relation between PSTs’ attitudes towards 
mathematics and their noticing could be, in part, because attitudes may not have as much of an 
impact on noticing as beliefs about the teaching and learning of mathematics. That is, given that 
noticing is a practice in the teaching of math, it may be more related to PSTs’ beliefs about 
mathematics pedagogy than global attitudes about mathematics.   
PSTs’ Fraction Knowledge 
to build coherence amongst measures, this study focuses on one content area within 
elementary mathematics: fractions. Elementary PSTs must be knowledgeable on a wide range of 
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mathematical topics that are covered in grades 1-5. Historically, many teacher education 
programs assumed that given their own experiences as a mathematics student, elementary PSTs 
know the mathematical content well enough to be able to teach the topic (Conference Board of 
Mathematical Sciences, 2001). However, many PSTs do not have adequate knowledge in the 
various domains of MKT, especially for fractions concepts (Ma, 1999; Zhou, Peverly, & Xin, 
2006). Research has demonstrated how PSTs were unable to correctly identify the cause of 
students’ errors in fraction division (Tirosh, 2000) or explain the reasoning behind the traditional 
fraction division algorithm, invert and multiply, even for PSTs with substantial mathematical 
knowledge (Borko, et al., 1992). Overall, PSTs tend to have a less sophisticated understanding of 
higher-level fraction concepts, often relying on procedural knowledge (Lovin, Stevens, Siegried, 
Wilkins, & Norton, 2018). Furthermore, PSTs’ procedural and conceptual understanding of 
fraction concepts often mirrors those identified for students, meaning that if not corrected, PSTs 
can perpetuate the same misconceptions with their own future students (Van Steenbrugge, 
Lesage, Valcke, & Desoete, 2014)   
Many studies on PSTs’ knowledge of fractions have focused on a specific operation 
(Ball, 1990; Jansen & Honhensee, 2016; Izsák, 2008; Tirosh, 2000). In a study of 85 elementary 
PSTs’ knowledge of the four operations (addition, subtraction, multiplication, and division) with 
fractions, Newton (2008), found that PSTs’ fraction knowledge was procedurally based and 
fragmented at the start of the semester. While many participants used algorithms to find 
solutions, they were often misapplied, resulting in incorrect responses to the questions. 
Throughout the semester, the course instructors specifically addressed fraction concepts, and 
while there were still errors in the post-test, PSTs had made gains in all operations. Newton 
demonstrates that when a methods course focuses on fraction concepts, PSTs show gains in their 
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understanding of fraction concepts. Similarly, Stevens et al. (2018) found that specific 
intervention in the type of language and fraction concepts addressed could support elementary 
PSTs in reasoning about fraction concepts at a higher level.  
Limitations of Existing Research 
 
 Recent research on elementary PSTs’ noticing of student’s mathematical thinking while 
watching videos has overwhelmingly focused on what they notice. Studies have investigated 
what classroom features PSTs tend to notice and in what ways their noticing of these features 
may change over time. While these studies have yielded a deeper understanding of PSTs’ 
noticing, there are still important questions left unanswered. Several authors have alluded to 
knowledge and beliefs impacting PSTs’ noticing in the discussion of their results. However, 
there are not many studies that investigate the impact of beliefs or knowledge on noticing, and 
even fewer studies investigating these factors together. By investigating these possible 
influencing factors, teacher educators and researchers can have a better understanding of why 
PSTs notice what they do in terms of students’ mathematical thinking, thereby shedding light on 
how noticing may be most effectively enhanced.  
 Current research that investigates the impact of knowledge and beliefs on noticing is 
frequently limited by the study design and instruments. A survey that investigates beliefs about 
the role of students’ thinking in a math classroom may prove to be more enlightening than PSTs’ 
attitudes towards mathematics. As Speer (2005), argues, when investigating beliefs in relation to 
a teaching practice, it is critical to consider what beliefs are situated within that context. 
Additionally, Likert scale assessments may limit the depth of analyses and subsequent 
understanding of PSTs’ beliefs.  
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 Few studies have investigated PSTs’ knowledge and beliefs in conjunction with their 
noticing of students’ mathematical thinking. Consequently, the relative contribution of each of 
these factors is unknown. For example, in past research on PSTs’ noticing, gains in noticing have 
been attributed to interventions or activities that occur during their methods course. However, 
PSTs’ growth in noticing could result from changes in their knowledge or beliefs, either from the 
noticing activities themselves, other aspects of the methods course, or other components of the 
teacher education program, such as field experiences. Yet, with a lack of literature investigating 
the interplay among these factors, it is difficult to draw the conclusion that an activity or 
framework was the sole reason for PSTs’ growth in noticing of students’ mathematical thinking. 
This study is designed to build and improve on prior studies by combining attention to PSTs’ 
knowledge, beliefs, and noticing. By closely aligning all measures of knowledge, beliefs, and 
noticing around fraction concepts, this study has coherence amongst measures that past studies 
have lacked. 
This Study of PSTs’ Noticing 
 In this study, I utilize a mixed methods design to examine how changes in PSTs’ 
knowledge and beliefs are related to changes in their noticing of students’ mathematical thinking. 
In chapter 3, I outline the study context and discuss the analytical procedures used to assess the 
PSTs’ knowledge, beliefs, experiences, and noticing. In Chapter 4, I present quantitative 
analyses of whether changes in PSTs’ knowledge and beliefs are related to changes in their 
noticing of students’ mathematical thinking in math methods courses both with and without 
noticing activities. In Chapter 5, I consider how PSTs might draw on their knowledge and beliefs 
while noticing students’ mathematical thinking, with the intention of developing a deeper 
understanding of the statistical results presented in Chapter 4. Finally, in Chapter 6, I discuss the 
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meaning of the quantitative and qualitive results, with particular attention given to the 
implications of this study for teacher education and future research.   
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CHAPTER 3: METHODS OF DATA COLLECTION AND ANALYSIS 
 
This study used a mixed methods approach, informed by quantitative and qualitative data 
analyses to provide a more complete picture of the relationships among the PSTs’ knowledge, 
beliefs, and noticing of students’ mathematical thinking. This approach allowed me to capitalize 
on the strengths and address some of the weaknesses of quantitative and qualitative data 
(Johnson & Onwuegbuzie, 2004). For example, quantitative analyses allowed me to evaluate the 
predictive relationship among the factors, but such analyses may miss some of the depth and 
complexity of the relationships. By bringing in qualitative analyses to illuminate the statistically 
identified relationships, I sought to understand some of the complexity in how PSTs’ knowledge, 
beliefs, and noticing were related as well as how they may influence each other in ways that were 
undetectable through statistical analyses. This design also allowed for results to be corroborated 
between the different quantitative and qualitative analyses (Creswell, 2014). This study 
addresses the following Research Questions: 
1. How does PSTs’ Mathematical Knowledge for Teaching about fractions relate to their 
noticing of students’ thinking about fractions? 
a. Do PSTs with greater MKT demonstrate a higher level of noticing of students’ 
thinking about fractions? 
b. Does an increase in PSTs’ MKT correspond to growth in their noticing of 
students’ thinking about fractions?   
c. How does the nature of PSTs’ noticing of students’ thinking about fraction relate 
to their MKT? 
2. How do PSTs’ beliefs about the role of children’s thinking in math teaching relate to 
their noticing of students’ thinking about fractions? 
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a.  Do PSTs who place more significance on the role of children’s thinking in math 
teaching demonstrate a higher level of noticing of students’ thinking about 
fractions? 
b. Does a shift in PSTs’ beliefs about the role of children’s thinking in math teaching 
correspond to growth in their noticing of students’ thinking about fractions?   
c. How does the nature of PSTs’ noticing of students’ thinking about fractions relate 
to their beliefs about the role of children’s thinking in math teaching? 
3. What is the relative contribution of increased knowledge, beliefs, or experiences with 
noticing to the increase in PSTs’ level of noticing of students’ thinking about fractions? 
Study Context 
Description of the Course 
This study was conducted with elementary PSTs enrolled in a one-semester, three credit-
hours, math methods course at a large research-intensive university in the Fall of 2017. The 
course was a requirement for all students enrolled in the Elementary Teacher Education Program 
and was the first of two required math methods courses. The course met once weekly for three 
hours for sixteen weeks. Two weeks were dedicated to the midterm and final exams, leaving 
fourteen weeks for instruction. The purpose of the course was to accomplish four overarching 
goals for PSTs: to deepen their understanding of the mathematical content covered at the 
elementary school level, to increase their understanding of the development of students’ 
mathematical thinking, to discuss the methods of teaching math, and to cultivate a positive 
disposition towards math. The course followed the textbook Elementary and middle school 
mathematics: Teaching developmentally (Van de Walle, Karp, & Bay-Williams, 2015).  
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 There were four sections of the course taught by three instructors. Two sections were 
taught by an Instructor on faculty at the university with 10 years of experience teaching 
elementary and secondary math methods courses. I taught one of the sections and another 
doctoral student taught the remaining section. We both had experience as classroom teachers at 
the secondary level. I taught the same math methods course the previous year, but the other 
doctoral student had not previously taught the methods course in this study. However, she did 
previously teach the second methods course in the sequence multiple times and was familiar with 
the program and textbook. The pacing, assignments, midterm, and final were co-planned and 
similar among the different sections. Appendix A contains the course schedule for the Fall of 
2017, which details the topics covered each week by all four sections. 
 Although all sections were almost identical in pacing and assignments, the section that I 
taught, the focal section, participated in a few additional activities as a part of this study, as 
introduced in the conceptual framework presented in Chapter 1. The additional in-class activities 
were intended to capture how the PSTs’ noticing of students’ mathematical thinking changed 
during the methods course. The remaining three sections, the comparison sections, did not 
participate in these activities. Additionally, the PSTs in the focal section completed an out-of-
class video observation assignment that was not required by the other sections. To even the work 
load between sections, I combined two textbook assignments so the PSTs in the focal section had 
one less textbook assignment. These activities are described in further detail later in the chapter 
when I discuss the timeline of the study and explain the differences between the focal and 





All PSTs enrolled in the course in the Fall of 2017 were invited to participate in the 
study. Of the 97 PSTs who responded to at least one instrument, 92 participated in all 
assessments at the start and end of the semester. Given the longitudinal nature of the study 
design, only the PSTs who responded to all measures at the start and end of the semester were 
included in the statistical analyses. PSTs were distributed relatively evenly among the four 
sections of the course (the sections had 24, 23, 26, and 24 PSTs). Table 3.1 displays the 
demographic data for the 92 PSTs who make up the study sample, including if they were transfer 
students and what degree they were pursuing. 
Table 3.1  
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To be enrolled in the math methods course, each PST must have been accepted into the 
Elementary Teacher Education Program. PSTs could be either undergraduate or master’s 
students pursuing a certification for teaching in grades 1-6. Admittance to the program requires a 
passing score on the Licensure Testing System “Test of Academic Proficiency” or an ACT/SAT2 
score that met predetermined criteria. All undergraduate elementary education majors were 
required to complete a math content course housed in the Department of Mathematics at the 
university.3 The course covers the topics of: “sets, arithmetic algorithms, elementary number 
theory, rational and irrational numbers, measurement, and probability” (“MATH 103”, n.d., para. 
1). Seventy-five percent of the PSTs successfully completed the required math content course for 
elementary education majors before the methods course. The Master’s Certification students 
were not required to take the content course and the remaining 19% of the PSTs were 
concurrently enrolled in the math content course at the same time as the math methods course in 
this study.  
All of the PSTs enrolled in the methods course were also enrolled in their first long-term 
field experience course in the program. This course was a 45-hour practicum, where the PSTs 
were placed in an elementary classroom in a local school for several hours a week. It was mostly 
left to the cooperating teacher to decide how the PSTs participated in their classroom, but 
generally the placement included classroom observation, one-on-one tutoring, or small group 
instruction, with increasing responsibilities over the semester. PSTs were required to teach two 
                                               
2 The ACT scores of the middle 50% of freshmen admitted to the College of Education in 2016 
ranged between 24-29 (“A Glance at our Current Freshmen”, 2016). The PSTs in this study 
would have been admitted to the university in 2015, but it is likely that their scores were similar. 
I chose not include this question when collecting demographic information since the PSTs were 
Juniors and there was a high likelihood that some would not accurately recall their ACT score.  
3 Master’s Certification students were required to meet with a course instructor and complete a 
packet of relevant math content problems on their own time.  
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lessons during their practicum that were evaluated by the cooperating teacher. Since PSTs were 
in their field placement at the same time and day each week, and elementary classrooms tend to 
cover subjects at the same time every day, most PSTs were in the classroom during one or two 
subjects for the entirety of the semester. Consequently, the PSTs had varied experiences with 
math instruction in their practicum placement. Forty-four percent of the PSTs viewed math 
instruction almost every day, while 14% of the PSTs never observed math instruction in their 
placement.  
Instruments 
 In this section, I review all instruments administered to measure PSTs’ knowledge, 
beliefs, experiences, and noticing of students’ mathematical thinking. All instruments, aside from 
the Mathematical Knowledge for Teaching assessment, can be found in Appendix B.  
Noticing of Students’ Thinking About Fractions Assessment 
To assess PSTs’ noticing of students’ mathematical thinking about fractions, they 
watched a video of a student working on a fraction subtraction task and then responded to three 
prompts. This is similar to how past research has measured PSTs’ noticing (Jacobs et al., 2010; 
Thomas, Huffman, & Flake, 2016). The video was taken from the Everyday Mathematics Virtual 
Learning Community (VLC) created by USTEM Chicago at the University of Chicago. The 
video, titled “A Fourth Grade ‘Student Teacher’”, showed a fourth-grade girl explaining her 
solution to a peer. Of the 51 fraction videos available on the Everyday Mathematics VLC, I 
selected this video for a few reasons. First, there is no teacher shown in the video. As the focus 
of the study is noticing students’ thinking, and a teacher in the video may be a distraction for the 
PSTs, I excluded videos with the teacher to give PSTs the greatest opportunity to focus on 
students’ thinking (Kang & van Es, 2018). Additionally, although this assessment was simulated 
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classroom noticing, meaning that the PSTs were not in the classroom, I wanted the assessment to 
most closely resemble the experience of being a classroom teacher walking around and 
observing students while they are working on a mathematical task. Finally, the video offered a 
window into the student’s thinking that was both clear and displayed depth in her mathematical 
thinking (Sherin, Linsenmeier, & van Es, 2009).  
The 1 minute 57 second video starts with approximately 10 seconds where the problem is 
displayed, “Solve 
!
"	 –  
$
% using pattern blocks.” The two girls in the video, one in a blue shirt and 
one in a pink shirt are working together on the problem, and the girl in the blue shirt explains her 
solution to her partner. She starts by verbally explaining her approach to the problem, saying, 
“So if you take one third, right, that would be kind of like a rhombus. Cut one of the rhombuses 
in half and take off one side. That would be one and um…one-half, wouldn’t it?” Her partner 
responds, “Wouldn’t it be six minus three or just two of these?” while motioning toward her 
workbook. The girl in the blue shirt begins explaining her reasoning again, but then asks her 
partner to grab pattern blocks to help her demonstrate her thinking. Figure 3.1 displays the 
solution the girl in the blue shirt shows her partner using the pattern blocks. She continues to talk 
through each step, first establishing that a hexagon is a whole, and then making trades as 
appropriate. At the end of the video, the partners agree that the answer to the problem is one-half. 
I refer to this video as the Pattern Block Video. 
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Figure 3.1. The student’s solution in the Pattern Block Video.  
 
Each course section watched the video through twice on the projection screen and then 
responded to three prompts via an online survey. Following the work of Jacobs et al. (2010) and 
Fisher et al. (2014), the prompts consisted of three categories that correspond with the three 
components of noticing of students’ mathematical thinking of attending, understanding, and 
responding. The prompts referred specifically to the girl in the blue shirt that explained her 
thinking in the video. The prompts were:  
1. In a few sentences, describe what the girl in the blue shirt did in response to the 
problem presented. 
2. Briefly describe what you learned about the girl in the blue shirt's understanding of 
mathematics from her comments. 
3. If she were in your classroom, what question(s) might you pose next? In a sentence or 
two, describe what you would hope to accomplish by asking her these questions. 
 
I administrated this assessment at the start and end of the semester to measure changes in 
the PSTs’ noticing over the semester. It is possible that in watching the same video twice, the 
results may be skewed since the PSTs already had exposure to the video. However, it was a short 
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video shown thirteen weeks apart. The alternative to watching the same video was to use 
different videos at the start and end of the semester to assess PSTs’ noticing of students’ 
mathematical thinking. If I had used a different video it would have been extremely difficult to 
discern if differences in noticing over the semester were actual changes in PSTs’ ability to notice 
students’ mathematical thinking or if they were due to the differences in the video. It was not 
possible to guarantee that both videos would allow the same exact opportunity for PSTs to attend 
to and understand students’ thinking at the same level. Given the purpose of the study was to 
discern the relationship among PSTs’ MKT, beliefs, and noticing, I decided that using the same 
video at the start and end of the semester allowed for the strongest study design to enable me to 
make claims about PSTs’ changes in noticing over the semester.   
After completing and submitting their responses, the PSTs in the focal section were 
directed to put their laptops away and discuss their responses to the prompts with their groups. 
These discussions were audio recorded. At the end of the semester, the PSTs in the focal section 
were put in the same groups as the start of the semester for this activity so that their 
conversations at the start of the semester could be compared to the end of the semester with the 
same contributors to the discussions. There were six discussion groups, with five of the groups 
with four PSTs, and the final group had three PSTs.4 The PSTs in the comparison sections did 
not have discussions after they viewed the Pattern Block Video. 
Mathematical Knowledge for Teaching Assessment 
To measure PSTs’ MKT, I used a subset of items from the Learning Mathematics for 
Teaching (LMT) Project, developed at the University of Michigan (Hill, Schilling & Ball, 2004; 
Hill, Rowan & Ball, 2005). This instrument was designed for the Study of Instructional 
                                               
4 Three groups were missing a group member either at the start or end of the semester. 
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Improvement and was intended to measure elementary teachers’ changes in MKT over time, 
particularly in relation to their participation in professional development programs. All items are 
multiple-choice and address common and specialized content knowledge, asking teachers to 
solve mathematical problems, evaluate student solutions, represent content to students, and 
identify students’ mathematically correct explanations. The instrument has sections for 
elementary and middle school math teachers and is divided into three content strands: number 
and operations; patterns, functions, and algebra; and geometry. Additionally, there are four topic-
specific modules for grades 4-8: geometry; probability, data, and statistics; proportional 
reasoning; and rational numbers. Figure 3.2 displays a publicly-released item that was deemed 
psychometrically problematic and consequently not included in the MKT assessment, but it does 
provide a sense of the MKT assessment questions.   
 
Figure 3.2. Publicly released MKT assessment problem.   
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Past research that used this MKT assessment failed to identify a statistical relationship 
between elementary PSTs’ MKT and noticing of students’ mathematical thinking (Flake, 2014; 
Thomas et al., 2017). However, these studies were limited by a lack of coherence amongst 
measures. Consequently, I chose to focus on one mathematical topic for all measures, hoping 
that by having the MKT assessment and noticing assessment well-aligned, I would be able to 
identify an empirical relationship, if one indeed did exist. To provide the best opportunity to 
detect if a statistical relationship between MKT and noticing existed, the selected mathematical 
topic had to allow for enough variance in PSTs’ knowledge of the concept to detect differences 
in noticing if they existed. In other words, if all of the PSTs scored very high on the MKT 
assessment, it would be difficult to measure growth over the semester and to detect a relationship 
between MKT and differing levels of noticing, since the PSTs would be clustered around the 
same score. Given this concern, I selected to focus on fractions for this study. Additionally, as 
shown on the syllabus topics for the course in Appendix A, fraction concepts were a main focus 
in the methods course. Elementary PSTs’ challenges with fraction concepts are well documented 
(Lovin et al., 2018; Ma, 1999; Tirosh, 2000; Van Steenbrugge et al., 2014;  Zhou et al., 2006). 
My experience teaching the methods course confirmed that the PSTs in this program had similar 
challenges with fraction concepts as identified by research. 
There is no MKT module that solely focuses on fraction concepts. The rational number 
module was the closest, as it included a fair number of problems about fractions, but it also 
included questions concerning other rational numbers, such as decimals. Given what was learned 
from past research, I wanted to remove as much “noise” about MKT of unrelated math concepts 
from the MKT assessment for this study. Consequently, following the guidelines given by the 
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creators of the MKT assessment, I created my own subset of the rational numbers module that 
only included fraction-related questions. 
The developers created their rational number module by combining some of their 
previously tested items found in the number and operations and algebra content assessments, as 
well as writing new questions specifically for this module. The module was first piloted with in-
service teachers in 2007, and IRT results suggested one factor. Two parallel forms were created, 
Form A and Form B, which each take approximately 30 minutes to complete (Hill, 2008). Form 
A has 17 questions, with 33 items (some questions have multiple parts) and Form B has 16 
questions with 33 items, and both forms address a range of problem difficulty. To create an 
assessment that was only fraction-related questions, I selected all problems with fraction 
concepts from Form A and Form B.5 This created a final instrument of 13 questions with 23 
items that followed the guidelines of creating an MKT instrument from a selection of established 
MKT questions. This paper-and-pencil assessment was administered at the start and end of the 
semester. Since the items are not released publicly, the MKT assessment used for this study is 




                                               
5 It is recommended that this MKT assessment is used with the two forms to measure teachers’ 
growth in MKT, with teachers getting one form before an intervention and another form at the 
end of an intervention. I took questions from both forms to create the assessment that focused 
only on fractions in order to have a larger number of items. This study was not necessarily 
concerned with PSTs’ growth in MKT, but instead how growth in MKT was related to growth in 
noticing. Consequently, if all of the PSTs’ MKT scores were slightly higher due to familiarity 
from already being exposed to the problems, it would not impact the statistical results in a 
meaningful way. 
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Beliefs About the Role of Children’s Thinking in Math Teaching Survey 
The survey to measure PSTs’ beliefs about the role of children’s thinking in math 
teaching was split into two sections that I discuss separately, Likert scale items and the 
Situational Beliefs Instrument.  
Likert scale items. The first 16 of the five-point Likert scale items were taken from 
Beswick (2005), which were developed from combining items from Howard, Perry, and Linsday 
(1997) and Van Zoest, Jones, and Thornton (1994). The scale was intended to capture 
participants’ beliefs about the teaching of mathematics as well as their view on the nature of 
mathematics. Factor analysis of these items indicated two clusters, problem-solving view (Alpha 
reliability coefficient of 0.77) and traditional view (Alpha reliability coefficient of 0.78) of 
mathematics. I only selected items from both factors that related to beliefs about the role of 
children’s thinking in math teaching. 
In addition to Beswick’s (2005) scale, I included 18 items from the Mathematics Beliefs 
Scale (MBS; Fennema, Carpenter, & Loef, 1990) in the Likert portion of the survey. The 18 
items, determined by Capraro (2001), significantly shorten the 48-item scale, while still retaining 
the same three factors: student learning, stages of learning, and teacher practices. The modified 
MBS scale was added since it was designed to be used in conjunction with Cognitively Guided 
Instruction (CGI), a professional development program which focuses on student thinking in the 
math classroom (Carpenter et al., 1999).  
Situational Beliefs Instrument. While Likert scale items are traditionally used to gauge 
mathematics teachers’ beliefs, they have some limitations, such as leaving the interpretation of 
the statement up to the reader and they can limit the ability to indicate growth or change in 
beliefs (Philipp, 2007). If Likert-scale items were the only way beliefs are measured, it is likely 
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that some of the participants will indicate strong agreement with many of the items in the 
baseline assessment (Fisher et al., 2014). From a measurement standpoint, this leaves little to no 
room to demonstrate growth over the semester. Hence, I opted to include several short-answer 
questions in the assessment to capture a more nuanced understanding of how PSTS’ beliefs 
changed over the semester in addition to the Likert-scale items, which I refer to as the Situational 
Beliefs Instrument (SBI). As the name implies, these items were set within classroom situations, 
and I wrote the items to inquire about various situations that may reveal PSTs’ beliefs about the 
role of student’s thinking in math instruction.  
I first created six situations to probe the PSTs’ beliefs about instructional design, teacher 
responsibilities during problem-based instruction, facilitation of discussions, and scaffolding 
students’ mathematical thinking. There was a total of 14 questions spread amongst the six 
situations. In the Summer of 2017, I conducted a pilot study with four PSTs that were enrolled in 
my methods course the previous year. In the pilot study, I set a time with each participant to take 
the SBI online. Then, immediately after they submitted their responses, they called me, and I 
interviewed them about their responses and their experience responding to the items. Of the four 
PSTs who participated in the pilot study, three of them found one of the situations confusing and 
they were unsure what the question was asking. Given this feedback, I cut this situation from the 
final instrument. Another situation elicited almost the exact same answer from all four PSTs. In 
concern that the item was unable to capture enough variance to be meaningful, I cut this 
situation. The final SBI had four of the original six situations and seven questions.  
Start of Semester Questionnaire 
In addition to basic demographic information, the questionnaire at the start of the 
semester addressed previous math courses taken, both in high school and post-secondary 
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institutions. These responses provided context for how much and which level of math courses 
participants had successfully completed. Additionally, the questionnaire asked about if they had 
taken the math content course as well as their past experiences teaching mathematics. Although 
the PSTs may not have been in elementary classrooms for the Elementary Teacher Education 
Program, some of them had experience working with children and mathematics in various 
contexts (e.g., tutoring).  
End of Semester Questionnaire 
I administered a questionnaire at the end of the semester focused on PSTs’ field 
experiences during the semester. The questions probed their experiences in their elementary 
classroom practicum and gathered information regarding their observation and/or teaching of 
mathematics throughout the semester.  
End of semester interviews 
Based on their scores on the MKT and Likert beliefs instruments at the start and end of 
the semester, I selected eight PSTs from the focal section to participate in interviews in the last 
week of the semester. To limit the amount of time that PSTs had to sacrifice to participate in the 
interview, the interviews were conducted during class time while the rest of the class was 
reviewing for the final exam in groups. The interviews were limited to 15 minutes. I selected the 
PSTs based on their changes in MKT and beliefs, attempting to capture a variety in the degree of 
change over the semester, while also considering which PSTs would be most likely to openly 
share in an interview. Table 3.2 presents information about each of the interview participants. 
Two other doctoral students conducted the interviews to reduce the influence that my role as the 
course instructor would have on the PSTs’ responses. One of the interviewers was the other 
doctoral student instructor of the methods course and was familiar with the study. The other 
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interviewer was familiar with the noticing of students’ mathematics thinking framework and had 
previously conducted research with PSTs.  
Table 3.2 












Sarah7 White Remedial Math Occasionally Large None 
Jenna White  Rarely None None 
Abby White Remedial Math Rarely Small Small 
Michelle Latina AP Calculus Everyday Medium Medium 
Noelle White Remedial Math Everyday Small Large 
Harper Asian  Rarely Large Medium 
Claire Asian AP Calculus Everyday None Medium 
Ella White Univ. Math  Occasionally None Small 
 
The semi-structured interviews were intended to gather information on the PSTs’ 
experiences in the methods course, especially in relation to their perceived changes in MKT or 
beliefs. I created a list of questions for each PST, but the interviewers were free to probe further 
as they saw fit. Some of the questions were personalized for each PST, such as the ways they 
changed in their responses to Likert items or demonstrated growth in MKT over the semester. 
                                               
6 To provide a picture of how PSTs’ MKT and beliefs grew over the semester, I classified their 
changes as None, Small, Medium, and Large for the purpose of this table. None indicates the 
PST grew less than .5 standard deviations over the semester. Small indicates a growth between .5 
and 1.5, Medium from 1.5 to 2.5, and Large more than 2.5 standard deviations from their scores 
at the start of the semester.  
7 All names are pseudonyms. 
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Three questions were asked to all interview participants providing there was enough time in the 
interview. Those questions were:  
1. What role do you think students’ mathematical thinking should have in teaching 
decisions? 
a. How have your views changed about this throughout the semester?  
b. What do you think might have caused them to change?  
2. You watched videos of students working on math tasks throughout the semester.  
What do you think you learned from those video activities, if anything? 
3. Overall, do you think that your views about teaching math have changed in any way 
throughout the semester? 
a. If yes, how so? 
 
Data Collection Timeline 
 
 Table 3.3 shows a timeline of when each instrument was administered for the two groups 
of PSTs, the focal and comparison sections. The methods course emphasized the importance and 
purpose of problem-solving and involving students in building on their conceptual understanding 
of mathematics in the first weeks of the semester, so it was critical for the beliefs survey to be 
administered in the first week of the course in order to obtain a baseline of the PSTs’ beliefs 
about the role of children’s thinking in math teaching. All instruments at the start of the semester 
were administered at the same time in the first week. For the comparison sections, it took 
approximately one hour to complete all instruments at the start of the semester. With discussing 
the Pattern Block Video, the focal section took slightly longer, approximately 70 minutes. The 
end of semester assessments were administered in the second-to-last week of the course so that I 







Data Collection Schedule 
Instrument 
Week of Course 
1 7 11 14 15 
Focal Section 
Video Noticing Activity x x x x  
MKT Fractions Assessment x   x  
Beliefs Survey x   x  
Start of Semester Questionnaire x     
End of Semester Questionnaire    x  
Interviews with selected PSTs     x 
Comparison Sections 
Video Noticing Activity x   x  
MKT Fractions Assessment x   x  
Beliefs Survey x   x  
Start of Semester Questionnaire x     
End of Semester Questionnaire    x  
 
Focal Section Noticing Activities 
The focal section completed two additional in-class noticing activities in Weeks 7 and 11. 
As mentioned previously in this chapter, the PSTs in the focal section had three experiences with 
noticing that the PSTs in the comparison sections did not. These data from these activities were 
not used in this study, but the activities did provide additional experiences with noticing that is 
necessary to understand for the study design. First, the PSTs in the focal section participated in 
two additional in-class noticing of students’ thinking activities throughout the semester. These 
activities were structured the same way as the Pattern Block Video noticing activity but used 
different videos. The videos were also from the Everyday Mathematics VLC and similarly 
depicted one student or a group of students working on a math task without showing a teacher. 
The PSTs responded to the same prompts as the Pattern Block Video (with respect to different 
students) and discussed their responses in groups. 
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The third additional noticing activity was an out-of-class video observation assignment 
that required PSTs in the focal section to watch a full lesson implementation from the Everyday 
Mathematics VLC in the latter part of the semester (Appendix C). The progression of the lesson 
was shown through four videos that ranged from approximately 3 to 6 minutes. The PSTs were 
asked to respond to questions that focused on the teacher’s implementation of the problem-based 
lesson and on the students’ thinking during the lesson. I had originally hoped to create an 
observation assignment that could be conducted in the PSTs’ practicum placements. However, 
nearly 43% of the PSTs in the focal section rarely observed math instruction in their placements, 
with a significant number of those PSTs expressing that it would be difficult for them to arrange 
to do so. Also, through our classroom discussions about PSTs’ placements, it was clear that some 
of the PSTs that were able to observe math instruction on a regular basis were often observing 
procedurally focused instruction. In such an environment, it is difficult to observe students’ math 
thinking as students are not frequently given the opportunity to meaningfully grapple with 
mathematical concepts. Using a video not only allowed me to guarantee that the PSTs’ were able 
to view at least one problem-based lesson that pushed students to develop a conceptual 
understanding of a mathematical topic, but it also served to standardize the assignment allowing 
me to compare the PSTs’ responses for later research.  
It is important to clarify that, unlike much of the past research on elementary PSTs’ 
noticing (Amador & Weiland, 2015; Alsawaie & Alghazo, 2010; Roth McDuffie et al., 2014; 
Sánchez-Matamoros et al., 2014; Schack et al., 2013; Thomas et al., 2017), I did not intend for 
these activities to necessarily teach the PSTs in the focal section to notice students’ mathematical 
thinking with the use of a specific framework. I did not provide a rubric for the PSTs to learn 
how to analyze students’ thinking or classroom interactions, such as the MQI (Mitchell & Marin, 
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2014), or introduce them to CGI (Jacobs et al., 2010). Additionally, I purposefully did not 
interject in, or facilitate the PSTs’ group discussions in any way. The additional in-class noticing 
activities were intended to capture the ways in which the PSTs’ noticing changed over the 
semester.  
I designed the out-of-class video observation assignment to expose the PSTs to the type 
of teaching through problem-solving that we discussed at length in the course. I intended for this 
assignment to pull together several different concepts together from the methods course, such as 
facilitating classroom discussion and structuring a lesson with a launch, explore, summary, in 
addition to noticing students’ mathematical thinking. Although these noticing activities did not 
intend to teach PSTs how to notice students’ thinking, they did provide different experiences in 
the methods course for those PSTs. These additional experiences are reflected in the conceptual 
framework presented in Chapter 1.  
Data Analysis Procedures 
 As multiple research questions draw on the same data analysis procedures, I first address 
key aspects of the data and some initial analyses before specifically addressing how these 
analyses were used to respond to the Research Questions. All statistical analyses were conducted 
using SPSS. 
Pattern Block Video Responses 
Following past research, the PSTs’ noticing of students’ mathematical thinking was 
initially analyzed using a three-part, four-level rubric (Jacobs et al., 2010; Roth McDuffie, 2014; 
Schack et al., 2013; van Es, 2011). The rubric used a point-based scale to assess the 
sophistication of the three components of noticing, attending, interpreting, and responding by 
assigning a score to the PST’s response to each of the three prompts accordingly. However, early 
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in the coding process, it became clear that it would be necessary to create a new rubric for this 
study that was similar to past research, but reasonable for the PSTs’ responses in this study.  
Attention to and interpretation of students’ mathematical thinking. First, it was 
difficult to reliably separate the PSTs’ attention to the student’s thinking from their interpretation 
of the student’s thinking, even though the separate questions were intended to do this. As 
demonstrated in Table 3.4, some PSTs’ responses to the attending prompt were a vague 
description of what happened in the video. However, their response to the interpreting prompt 
was a detailed description of what the student may have been thinking and demonstrated that the 
PSTs must have attended to more in the video than they had written for the attending prompt.  
Table 3.4 
Examples of Discontinuity in PSTs’ Attending and Interpreting Responses 
PST Attending Response Interpreting Response 
Molly 
She provided a visual 
to explain the 
numerical problem.  
She understood that a one rhombus is 1/3 of a hexagon. 
She understood that the triangle is 1/2 of the rhombus. She 
says the question is asking about 1 1/2 rhombuses. 
Dana 
The girl in the blue 
shirt is using the 
hexagon, rhombus, and 
a triangle to solve the 
problem.  
The way the girl in the blue shirt is thinking is that she is 
using the shapes to figure out the fraction problem. So, 
she uses the hexagon as the whole and the rhombus as one 
third and the triangle as one sixth. So, she takes away one 
triangle from a rhombus which is way she is left with a 
triangle, and rhombus shape. The triangle and rhombus 
shape make a trapezoid, which she concludes is one half 
because a trapezoid is half of a hexagon. So, she 
concludes the solution to be 1/2. Based on her 
understanding, she knows her fractions based on the 
shapes that she used. There is nothing incorrect about her 
thinking when using the shapes to figure out the fraction. 
She uses the shapes to guide her thinking.  
Hannah 
She used the pattern 
blocks to represent and 
solve the problem. 
She took the hexagon as her whole, trapezoid as her half, 
rhombus as her thirds, and the triangle as her sixths. She 
has an understanding of equivalent fractions.  
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There has been discussion about whether teachers’ attention to and interpretation of a 
classroom situation are separate but linked processes, or if attending and interpreting are so 
closely related that they cannot be meaningfully separated (Colestock & Linnenbringer, 2010; 
Jacobs, Lamb, Philipp, & Shappelle, 2011; Richards & Robertson, 2016; Sherin, Russ, & 
Colestock, 2011). Given the difficulty in parsing these components of noticing in my data, I 
decided to collapse the attending and interpreting categories and code them as one score that 
encapsulated the PST’s attention to and interpretation of the student’s thinking. Additionally, 
after finding it challenging to achieve adequate reliability using a four-point rubric, I reduced the 
rubric to three points, 0-2, similar to some past research that involved coding teachers’ responses 
to video (Kersting et al., 2010). The final coding rubric for the attention to/interpretation of 
students’ mathematical thinking, along with examples of each code is presented in Table 3.5. 
From this point forward, I refer to this score as PST’s interpretation score for ease of discussion. 
Thirty percent of the PSTs’ responses at the start and end of the semester were double-coded 
with another doctoral student who is familiar with the literature on teachers’ noticing of students’ 
mathematical thinking. These changes dramatically improved the coding inter-rater reliability to 
91%.  
Table 3.5 
Rubric to Assess PSTs’ Attention to and Interpretation of Students’ Mathematical Thinking  





of events or does not 
reference student’s 
thinking. 
• She used her knowledge of hexagons, rhombuses 
and triangles to help her visualize each component of 
the problem and figure out the answer. She has a 




Vague, but accurate 
description of events, 
general impressions. 
May include evaluative 
statements. 
• She used the math problem and converted it to a 
shape problem. She is a visual learner. She takes a 
math problem and can explain it in multiple ways 
using shapes. She was also able to do it in her head 
but was able to explain to her friend using the 
shapes. 
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Table 3.5 (continued) 




Detailed and explicit 
analysis of student 
thinking, detailed 
statements connecting 
student thinking to 
actions 
• She used the pattern blocks as manipulatives to 
determine the answer. She made the hexagon one 
whole, and the rhombuses 2 one third pieces, she 
then realized that two triangles make one rhombus 
(2/6 = 1/3). She took away one triangle, and then 
reorganized her pattern blocks to make it look like 
one half. She has a pretty good understanding of 
equivalent fractions. She can use the pattern blocks 
to help with these, and use the fact that she can 
switch between different denominators to subtract 
fractions with unlike denominators 
 
 Responding to students’ mathematical thinking. I originally planned to score the 
PSTs’ answers for the responding prompts similar to past research, using the 0-4 rubric 
mentioned earlier. This rubric rated the PSTs solely on the connection between the questions 
they would pose and the students’ thinking. While I was finalizing the rubric, I noticed that the 
questions the PSTs posed and the explanations they provided fell broadly into one of two 
categories, either the questions served to review the student’s thinking or extend the student’s 
thinking beyond what she demonstrated in the video. I wondered if the content of the question 
might be related to the factors of interest in the study, such as the PSTs’ MKT or beliefs. 
Specifically, I hypothesized that PSTs with lower MKT may be more likely to ask questions to 
review the student’s thinking, since they may genuinely not have understood what the student in 
the Pattern Block Video did. Therefore, I adjusted the rubric to account for not only the depth of 
the connection to the student’s thinking, but also the intent of the question.  
Table 3.6 displays the rubric for assessing the intent and depth of PSTs’ answers to the 
responding prompt, which included both the question they would pose and their intention in 
asking that question. For each PST’s written response, they received a 0-2 score for two 
questions: (a) To what extent did the PST consider the student’s thinking in reviewing what she 
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demonstrated in the video? (b) To what extent did the PST consider the students’ thinking in 
pushing to extend what she demonstrated in the video? When a PST’s question reviewed the 
student’s thinking, they were asking her to justify her answer, explain her thinking, or 
demonstrate her understanding of what she already did. If a PST extended the student’s thinking, 
they were looking to move the student beyond the method and/or type of question demonstrated 
in the video. For example, if the PST’s question pushed the student to use an algorithm or move 
to a different operation, that was considered extending her thinking.  
Table 3.6 
Rubric to Assess PSTs’ Response to Students’ Mathematical Thinking  













Does not consider 
what student has 
explained or 
demonstrated or is 
based on incorrect 
understanding of the 
student’s 
mathematical thinking.  
The intention of the 
question is to seek 
justification or 
clarification in relation 
to student’s thinking 
but not in specific or 
detailed terms.  
Detailed connection 
between the student’s 
thinking in the video 
and eliciting further 
explanation or 
clarification of what 
she was thinking or 
justification for her 
thinking.  
(b) pushing the 
student to 
consider new or 
different ideas 
by extending or 
expanding her 
thinking? 
Does not attempt to 
extend or expand 
student’s thinking or is 
based on incorrect 
understanding of the 
student’s 
mathematical thinking. 
The intention of the 
question is to push to 
expand or extend 
student’s thinking 
beyond the problem she 
already worked on by 
vaguely connecting 
with student’s 
mathematical thinking.   
Detailed connection 
between the students’ 
thinking demonstrated 
in the video and how 
that thinking can be 
pushed or expanded 
beyond the problem 
already addressed.  
  
The prompt directed the PSTs to pose a question or questions. Consequently, many of the 
PSTs wrote more than one question. The number of questions did not necessarily mean that one 
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question served to review while the other intended to extend the student’s thinking. Although it 
was possible for a question to both review and extend the students’ thinking, the only PSTs who 
received above a zero for both categories asked more than one question. Table 3.7 provides some 
examples of PSTs’ responses to these categories and how they were coded.  
As with the coding of the PSTs’ interpretation, 30% of the data were double coded. At 
times it was difficult to determine if a PST’s question served to review or extend the student’s 
thinking. In these cases, it was necessary to consider the intent of the question, not necessarily 
the question itself. In other words, the same question could be coded as reviewing or extending 
depending on what the PST hoped to accomplish by asking the question. For example, two PSTs 
may have asked the student to solve a fraction subtraction problem using a different method. If 
the PST stated that the intention was to review and understand what the student was thinking, 
then it was coded as reviewing the student’s thinking. However, if the PST’s intention was to 
push the student to move to an algorithm, it was considered to be extending the student’s 




Examples of PSTs’ Levels of Responding  
PST Question(s) posed and justification Review Extend 
Lauren I would ask her if there was a different way to solving this equation. It is important for her and her 
classmates to learn different techniques to solving problems. 
 
0 0 
Allie I would ask her to find another way to solve the problem. So that I could see if she understands the 
reasoning behind why she got the answer she did with the blocks, or if she memorized the process. 
 
1 0 
Jessica How can you write that in number form? She has conceptual and concrete understanding and I want to 
see if she can show the more abstract number representation of the problem. 
 
0 1 
Karen How did you know to trade in the different blocks and what are other ways you could solve this 
problem either through visuals or algorithms? I would hope to get a better understanding of her 
thinking process and knowledge regarding fractions.  I would also aim to improve her skills in other 
areas of problem-solving like getting her to master the standard algorithm or other methods. 
 
1 1 
Sonya I would ask her how much the rhombus equals, and how much the triangle equals, to see if she 
understands that the triangle is 1/6 and the rhombus is 2/6 or 1/3. I would hope to help her see these 
relationships further, and see more of the fraction side of the shapes because it seems like she knows 
how to use the shapes, and then in the end asked how much the rhombus equals so I would like her to 
see the fractions throughout the process. 
 
2 0 
Theresa I would ask her what (4/6) - (2/12) is. It is the same problem she was working with before, but it is not 
simplified. I would be curious to see if she would know right away that is the same fraction and she 
can reduce or if she would try to model it out with the blocks again. If she uses the blocks, I would 
want to know which pieces she chooses to use, because it would be hard to model. 
 
0 2 
Mary How do you know that 2/3 are 2 rhombuses? What might be another way without the use of shapes? 
The first question would see how she understand the shapes in regard to the fractions. The second 
question would see if she can answer the question with using common denominator method.   
 
2 1 
Carrie I would ask how do you know that two triangles equals one rhombus? Possibly another question about 
fractions like what if I asked what is 2/3 - 2/6? I would like her to clarify her understanding of 
equivalent fractions, that 3/6 is equal to 1/2. Also, by asking her what is 2/3 - 2/6, she would further 
practice her understanding of equivalent fractions and subtracting fractions. 
 
2 2 
Note. None of the PSTs’ responses were coded as a 1 in reviewing the student’s thinking and a 2 in extending the student’s thinking. 
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Table 3.8 provides three additional examples to illustrate further how the rubric coding 
was not necessarily based on the question itself, but the intention and the explicit connection to 
the student’s thinking. These examples all ask the student to solve the problem in a different 
way. However, the PST who scored at Level 0 does not connect it to the student’s thinking. It is 
broad, and the same question could be asked by a passing observer that did not listen to the 
student’s thinking. The PST that scored a 1 connected the question to the problem the student’s 
thinking in the problem, noting that the question worked well with pattern blocks. The PST who 
provided robust evidence and scored a Level 2 changed the problem to push the student to not 
use pattern blocks based on the student’s use of one hexagon as the whole in the video.  
Table 3.8 







I would ask her if there 
was a different way to 
solving this equation. It is 
good that she could figure 
out the answer using the 
geometric pieces, however 
she will not always have 
those pieces to help her 
solve the problem. It is 
important for her and her 
classmates to learn 
different techniques to 
solving problems. 
Aside from using 
pattern blocks, how 
else could she show her 
work with fractions? I 
would hope the student 
would think of different 
methods to help her 
solve more fractions as 
some fractions cannot 
be represented using 
pattern blocks. 
The way you did the problem, what 
was your whole?  What if 2 
hexagons were your whole? How 
would that change the way you 
showed how to do the problem? I 
would hope that the girl was able to 
show how the rhombuses would 
become sixths if the whole was 2 
hexagons, the trapezoids would 
become fourths and the triangles 
would become twelfths. This would 
make her show how to do the 
problem in a different way since 
there aren't any thirds. 
 
MKT Assessment 
The MKT assessment score was reported as the number of questions the PST got correct 
out of 23 possible questions. Figure 3.3 shows the distribution of PSTs’ score at the start and end 
of the semester. I confirmed that both were normally distributed with a Shapiro-Wilk test for 
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normality (Shaprio & Wilk, 1965). The descriptive statistics are reported in Chapter 4 so that 
they can be discussed in relation to pertinent statistical analyses. I ran a paired-samples t-test to 
determine if there was statistically significant growth in the number of questions PSTs answered 
correctly from the start to the end of the semester. This test was appropriate since PSTs’ MKT is 
considered a continuous dependent variable that is approximately normally distributed at two 
points in time (the start and end of the semester) (Howell, 2010).  
 
Figure 3.3. PSTs’ MKT distributions at the start and end of the semester. 
 
Beliefs Survey 
The survey about the role of children’s thinking in math teaching was analyzed in two 
parts, the Likert scale items and the SBI.  
Likert scale items. Before running any analyses, I transformed all of the PSTs’ Likert 
responses to a numerical representation of the degree to which they agreed with the importance 
of the role of children’s thinking in math teaching, with a 0 being the lowest score and 4 being 
the highest. Some items were reverse coded so that “strongly disagree” was considered a 4. I 
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made the decisions about which items should be reverse coded and a second coder agreed with 
the classification of all items.  
Since I combined two existing Likert scales to create a pool of items to measure the 
PSTs’ beliefs about the role of children’s thinking in math teaching, I used factor analysis to 
identify factors that captured different aspects of these beliefs. Factor analysis can help reduce 
the number of items on a scale by identifying groups of items that seem to measure the same 
construct due to the similarity in the way that PSTs responded to those items (Child, 2006; Yong 
& Pearce, 2013). I ran initial analyses with the PSTs’ responses to all 34 Likert items at the start 
and end of the semester. The frequent presence of negative relationships between items in the 
factor analysis with the PSTs’ responses at the start of the semester indicated possibly 
inconsistent beliefs. For example, if a PST agreed with the statement, “Most young children can 
figure out a way to solve many mathematics problems without any adult help,” it would seem 
likely that they would also disagree with the statement, “Children need explicit instruction on 
how to solve word problems.” However, the positive relationship between PST’s responses to 
these two items (without reverse coding) at the start of the semester indicated that PSTs 
frequently responded in a way that seemed inconsistent. It is possible that the PSTs were not 
familiar with the language of math education at the start of the semester, which could have 
contributed to the unanticipated relationships between items. I decided to perform the factor 
analysis only with the PSTs’ responses at the end of the semester, when such counter-intuitive 
relationships were much less frequent. 
To use the largest sample possible, I included all 95 PSTs that responded to the Likert 
beliefs survey at the end of the semester in the factor analysis. All missing values were excluded 
listwise. I began with conducting a factor analysis for all items (see Appendix D). Since many of 
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the items did not load with any other items, loaded evenly across several factors, or had very low 
eigenvalues, I began dropping items from the factor analysis and then re-running the analysis 
with the remaining set of items. After reducing the scale to 23 items, all items loaded with at 
least one other item, and six distinct factors could be identified (displayed in Table 3.9). The 
eigenvalues of all factors were above one (6.04, 2.3, 1.68, 1.54, 1.37, 1.19) and a total of 61.3% 
of the variance in PSTs’ responses was explained. 
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Table 3.9 
Factor Analysis of 23 Likert Items 
Item Factor 
1 2 3 4 5 6 
Children learn math best by listening to the teacher's explanations. (R) .823 .023 -.074 .086 .157 -.112 
Teachers should teach exact procedures for solving word problems. (R) .771 .171 .018 .028 -.052 .058 
Listening carefully to the teacher explain a mathematics lesson is the most effective way 
to learn mathematics. (R) 
.733 .110 .135 .066 .152 .161 
Most young children have to be shown how to solve simple word problems. (R) .593 .077 .211 -.173 .011 .472 
Telling children the answer is an efficient way of facilitating their mathematics learning. 
(R) 
.436 .129 .221 .211 .376 .209 
Teachers should allow children who are having difficulty solving a word problem to 
continue to try to find a solution. 
.020 .738 -.036 .252 .189 .128 
The goals of instruction in mathematics are best achieved when students find their own 
methods for solving problems. 
.051 .697 .089 .054 .150 .300 
Teachers should encourage children to find their own solutions to math problems even if 
they are inefficient. 
.232 .645 .227 -.165 .069 -.015 
Allowing a child to struggle with a mathematical problem can be necessary for learning 
to occur. 
.113 .570 .175 .399 -.211 .093 
Mathematics should be presented to children in such a way that they can discover 
relationships for themselves. 
.308 .475 .101 .177 .419 -.081 
Providing children with interesting problems to investigate in small groups is an 
effective way to teach mathematics. 
-.001 .464 .388 .310 .041 -.322 
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Table 3.9 (continued)       
It is important for children to be given opportunities to reflect on and evaluate their own 
mathematical understanding. 
.060 .058 .845 .184 .167 .003 
Teachers of mathematics should be fascinated with how children think and be intrigued 
by alternative ideas. 
-.047 .185 .802 .077 .182 -.041 
Ignoring the mathematical ideas that children generate themselves can seriously limit 
their learning. 
.272 .109 .592 .119 .057 .280 
Knowing how to solve a mathematics problem is as important as getting the correct 
solution. 
.017 .043 -.048 .716 .099 .235 
Teacher questioning has a significant effect on children mathematical learning. .035 .125 .155 .676 .320 .125 
Children always benefit by discussing their solutions to mathematical problems with 
each other. 
.033 .084 .195 .672 -.074 -.051 
Students justifying their mathematical statements is an extremely important part of 
mathematics. 
.225 .262 .427 .528 -.035 -.196 
If a child’s explanation of a mathematical solution doesn’t make sense to the teacher, it 
is best to ignore it. (R) 
.110 .146 .049 .057 .766 .127 
I would feel uncomfortable if a child suggested a solution to a mathematical problem 
that I hadn’t thought of previously. (R) 
-.128 .068 .306 -.056 .698 .161 
It is not necessary for teachers to understand the source of children’s errors; follow-up 
instruction will correct their thinking. (R) 
.374 .040 .039 .122 .468 -.227 
Most young children can figure out a way to solve many mathematics problems without 
any adult help. 
.091 .181 -.025 .218 .059 .734 
Teachers should allow children to figure out their own ways to solve simple word 
problems. 
.212 .410 .175 .097 .335 .432 
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At this point, I removed the last item in Table 3.9, since it loaded onto Factor 6 and 
Factor 2 at almost the same level, this removed all of Factor 6. Next, I read the items and began 
to conceptually group them. I chose to remove the item, “I would feel uncomfortable if a child 
suggested a solution to a mathematical problem that I hadn’t thought of previously.” This item 
did not measure if they felt they should still pursue student’s thinking even if they felt 
uncomfortable. Consequently, a PST’s response to this question would seem to speak more to 
their confidence, either in their math or teaching, than the importance of the role of children’s 
thinking in math teaching. When I removed this item, the remaining two items in Factor 5 from 
Table 3.9 no longer loaded onto on distinct factor and were removed from the scale. 
The final scale consisted of 15 items that were loaded onto four factors, as shown in 
Table 3.10. Four items were included in Factor 1 that generally related to what a teacher should 
directly tell students, which I called Teacher Telling (! = .783). Factor 2, Students’ Thinking, 
has three items about giving students opportunities to think and what the teacher should do with 
students’ thinking (! = .726). The four items in Factor 3, Productive Struggle, relate to how 
much a teacher should allow children to work through challenging problems (! = .705). Factor 4, 
Classroom Discourse, includes three items about the role of student discussions and teacher 
questioning in the mathematics classroom (! = .608). A Cronbach’s alpha (!) above .7 is 
acceptable, and above .6 is questionable (Kline, 2000).8 I chose to generously include Factor 4 in 
the final scale.9 The eigenvalues of the four factors were 4.89, 2.11, 1.62, and 1.36, respectively, 
                                               
8 I also created the four factors with the PSTs’ responses at the start of the semester, and the 
Cronbach’s alphas were still generally acceptable, except for Factor 3 (Factor 1: !	=	.727,	
Factor	2:	!	=	.742,	Factor	3:	!	=	.546,	Factor	4:	!	=	.638).	 
9 Factor 3 at the start of the semester had a poor Cronbach’s alpha and Factor 4 had a 
questionable Cronbach’s alpha at the start and end of the semester (Kline, 2000). I included these 
factors in the final scale since they appear to be conceptually distinct and were potentially 
relevant to this study because of their connection to the importance of the role of children’s 
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and the four factors cumulatively accounted for 62.3% of the variance. The items clearly loaded 
onto one factor and each factor had reasonable factor loadings (.44 to .81, .62 to .84, .57 to .80, 
and .61 to .77).  
 
Table 3.10 
Final Factor Analysis Results for 15 Beliefs Items about the Role of Children’s Thinking in 
Math Teaching 
Item Factor 
1 2 3 4 
Children learn math best by listening to the teacher's 
explanations. (R) 
.809 -.074 -.037 .097 
Teachers should teach exact procedures for solving word 
problems. (R) 
.778 .010 .127 .076 
Listening carefully to the teacher explain a mathematics lesson is 
the most effective way to learn mathematics. (R) 
.742 .128 .137 .094 
Most young children have to be shown how to solve simple 
word problems. (R) 
.646 .284 .188 -.252 
Telling children the answer is an efficient way of facilitating 
their mathematics learning. (R) 
.440 .170 .194 .296 
It is important for children to be given opportunities to reflect on 
and evaluate their own mathematical understanding. 
.048 .837 .015 .249 
Teachers of mathematics should be fascinated with how children 
think and be intrigued by alternative ideas. 
-.060 .789 .177 .142 
Ignoring the mathematical ideas that children generate 
themselves can seriously limit their learning. 
.294 .621 .162 .112 
The goals of instruction in mathematics are best achieved when 
students find their own methods for solving problems. 
.084 .098 .797 .068 
                                               
thinking in math teaching. As this was an initial attempt to measure such beliefs, further 
development of the survey in future research could look to increase the alphas for all of the 
factors. 
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Table 3.10 (continued)     
Item 
Factor 
1 2 3 4 
Teachers should allow children who are having difficulty solving 
a word problem to continue to try to find a solution. 
.027 -.017 .778 .240 
Allowing a child to struggle with a mathematical problem can be 
necessary for learning to occur. 
.119 .156 .584 .402 
Teachers should encourage children to find their own solutions 
to math problems even if they are inefficient. 
.238 .247 .572 -.077 
Children always benefit by discussing their solutions to 
mathematical problems with each other. 
-.007 .111 .084 .771 
Teacher questioning has a significant effect on children 
mathematical learning. 
.029 .121 .131 .668 
Students justifying their mathematical statements is an extremely 
important part of mathematics. 
.184 .393 .176 .608 
 
 Table 3.11 displays the correlations between the four factors at the start and end of the 
semester. Additional descriptive statistics of each factor are detailed in Chapter 4 when necessary 
for statistical analyses. This table demonstrates that the Students’ Thinking Factor was correlated 
with the other factors at the start of the semester, and more so at the end of the semester. Given 
that the scale in its entirety is intended to capture PSTs’ beliefs about the role of children’s 
thinking in math teaching, the weak to medium relation with every factor would be expected 








Correlation Between Likert Beliefs Factors 
 Start of Semester End of Semester 
Factor 1 2 3 4 1 2 3 4 
1. Teacher Telling         
2. Students’ Thinking .24*    .31**    
3. Productive Struggle .22* .22*   .35** .38**   
4. Classroom Discourse -.03 .27** .32**  .19 .46** .40**  
* Correlation is significant at the 0.05 level (2-tailed). 
** Correlation is significant at the 0.01 level (2-tailed). 
 
 For all analyses using the PSTs’ Likert scores, I test five scores, their mean score for each 
factor, and the mean score on the entire scale. If a PST skipped or missed an item, I utilized the 
mean score on the other items in that factor to compute a value for the missing response.10 Given 
the statistical analyses that are used to respond to the Research Questions, it was imperative to 
keep as many PSTs in the sample as possible, so I only excluded PSTs from the analyses that 
missed a significant number of items.11  
 Situational Beliefs Instrument. The SBI was created to capture a more nuanced 
understanding of how PSTs’ beliefs about the role of children’s thinking in math teaching 
changed during the semester than the Likert items. Given the more qualitative nature of these 
questions the PSTs’ responses to these items are detailed in Chapter 5. As I discuss in Chapter 5, 
given the lack of variance in responses, both among all PSTs and the similarity of individual’s 
responses at the start and end of the semester, I drew from the data only to examine particular 
                                               
10 A total eight PSTs skipped at least one item. Three PSTs skipped less than three items, but 
each skipped item was from a different factor.  
11 One PST skipped approximately half of the items at the start of the semester and was excluded 
from the statistical analyses for the Research Questions.  
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patterns that emerged from the quantitative analyses. Suggestions for ways to improve these 
items are discussed in later chapters.  
Start and End of Semester Questionnaires 
Given the large number of variables and to make the interpretation of statistical results 
easier, I present the frequencies of PSTs’ responses to these questions in Chapter 4 along with 
the statistical analyses to which they are pertinent.  
End of semester interviews 
The interviews probed how some PSTs’ beliefs and knowledge changed over the 
semester and asked about the PSTs’ perception of the video noticing activities in the focal 
section. I chose not to do a comprehensive case study analysis of each of the PSTs. Aligned with 
the mixed methods design, I allowed the quantitative results to guide the selection of which PSTs 
to focus on and used the interviews to provide additional understanding of these particular PSTs’ 
experiences in the methods course.  
Addressing the Research Questions 
To mirror how I answer the Research Questions (RQs) in analyses and in the chapters, I 
first address the RQs that require quantitative methods (1ab, 2ab, and 3) and then the RQs that 
utilize qualitative methods (1c and 2c). Since RQ 1 and 2 are parallel questions, with one 
focusing on PSTs’ MKT and the other on beliefs, I address the process for investigating these 
questions at the same time.12 Before describing the statistical analyses, it is important to note that 
this study did not involve a random sample, and therefore the results cannot be assumed to be 
generalizable to any broader populations. As the purpose of statistical significance is to 
                                               
12 There are some additional statistical tests that I use once. As these tests will be easier to 
understand in the context of the other analyses, I address the appropriateness of these tests as 
they are introduced in Chapter 4.   
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generalize to a population, all claims of statistical significance in this study are intended to 
indicate the strength of relationships in the sample only. Significant relationships noted here may 
be suggestive of relationships that could generalize to PSTs more generally, but future studies 
would need to confirm this. 
Quantitative Research Questions: Research Questions 1ab, 2ab, and 3  
RQs 1a & 2a. (1a) Do PSTs with greater MKT demonstrate a higher level of noticing of 
students’ thinking about fractions? (2a) Do PSTs who place more significance on the role of 
children’s thinking in math teaching demonstrate a higher level of noticing of students’ thinking 
about fractions? I answer these questions using cumulative odds ordinal logistic regression with 
proportional odds analyses that use PSTs’ MKT and Likert beliefs scores to predict their level of 
noticing students’ mathematical thinking. This type of analysis can determine if an independent 
variable is a statistically significant predictor of the dependent variable, determine the fit of the 
model, and, generally speaking, determine how likely a predictor is to correspond with a higher 
score on the ordinal rubric (Laerd Statistics, n.d.). I used this particular type of regression 
analysis, which I refer to as ordinal regression, to answer all of the quantitative RQs.  
To conduct ordinal regression analyses, the data must satisfy four assumptions.13 The first 
is that the dependent variable is measured at the ordinal level. As I assessed PSTs’ noticing with 
two rubrics that were categorical and ranked, one for interpreting and one for responding, the 
rubric scores are ordinal variables, so all ordinal regression analyses satisfied this assumption. 
The second assumption is that the independent variables must be either continuous, ordinal, or 
categorical. In this case, both PSTs’ MKT and Likert beliefs assessments are continuous 
                                               
13 I explicitly address the assumptions for this test in relation to RQs 1a and 2a, but all 
assumptions were satisfied for all other ordinal regression models as well.   
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variables. Assumption number three requires no multicollinearity in the independent variables. In 
other words, the independent variables cannot be highly correlated with one another. For RQ 1a 
and 2a there is only one independent variable in each model and therefore the assumption is met. 
The final assumption is called the assumption of proportional odds, or the assumption of parallel 
lines. This assumption requires that independent variables have the same effect on the odds 
regardless of the threshold. In other words, for the regression function, the assumption is that the 
slopes are parallel for each level of the ordinal variable. SPSS tests this assumption with the 
parallel lines test. The model is considered to satisfy the assumption and be well-fitting if the 
parallel lines test is not statistically significant (Garson, 2014; Harrell, 2015; Laerd Statistics, 
n.d.). The test of parallel lines can be run in SPSS along with the ordinal regression analysis, and 
consequently, I checked for this assumption before determining if the model was appropriate for 
the data. I reviewed all four assumptions for all ordinal regression analyses conducted in Chapter 
4, and in each case, the assumptions were satisfied, and this type of ordinal regression was 
deemed appropriate.  
To answer the RQ1a investigating if PSTs with greater MKT demonstrate a higher level 
of noticing, I ran two ordinal regression models for the start of the semester and two using data 
from the end of the semester. Since PSTs’ noticing was measured in two components, 
interpreting and responding, I ran an ordinal regression model for each separately. In other 
words, to address RQ1a, I ran four models: (1) MKT and interpretation at the start of the 
semester (2) MKT and responding at the start of the semester (3) MKT and interpretation at the 
end of the semester, and (4) MKT and responding at the end of the semester. I report the results 
of all four models and note inconsistencies as appropriate. The results of these models determine 
if PSTs with higher MKT were more likely to score higher in interpretation and/or responding.  
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Addressing RQ1b was slightly different. As stated earlier, PSTs had a mean score for 
each of the four factors as well as a composite mean score, which combined all 15 items. 
Consequently, ten ordinal regression analyses were conducted to respond to this question at the 
start and end of the semester, as demonstrated in Figure 3.4. Due to multiple comparisons, I 
made adjustments to the interpretation of the p-value to indicate statistical significance of the 
model but dividing the p-value necessary for significance (0.05) by the number of comparisons 
made (Weisstein, 2007). Similar to RQ1a, I report the results for all models in Chapter 4.  
   
 
Figure 3.4. Depiction of the ten relationships between PSTs’ Likert beliefs and noticing I 
investigated with ordinal regression analysis at the start and end of the semester.   
 
RQs 1b & 2b. (1b) Does an increase in PSTs’ MKT correspond to growth in their 
noticing of students’ thinking about fractions?  (2b) Does a shift in PSTs’ beliefs about the role 
of children’s thinking in math teaching correspond to growth in their noticing of students’ 
thinking about fractions?  Similar to the previous question, these RQs were addressed by 
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investigating participants’ MKT and Likert beliefs scores in relation to the participants’ levels of 
noticing of students’ thinking about fractions scored using the rubrics. These questions 
investigated changes over time, so I used the difference in the PSTs’ MKT, Likert beliefs, and 
noticing scores from the start to the end of the semester. To determine if PSTs’ gains in MKT 
related to gains in noticing, I ran an ordinal regression model with students’ MKT gains 
predicting gains in interpretation and responding separately. As the PSTs in the focal and 
comparison sections had differing noticing experiences over the semester, being in the focal and 
comparison section was included as a predictor in the model, as well as the interaction effect of 
PSTs’ MKT scores and if they were in the focal section. The interaction effect accounted for the 
possibility that due to differences in the two groups, the ways in which changes in MKT scores 
are related to changes in their noticing may differ. Analogous models were run for RQ2b, 
focused on gains in beliefs predicting gains in noticing, which included changes in each factor as 
well as the composite mean score. 
RQ 3. What is the relative contribution of increased knowledge, beliefs, or experiences 
with noticing to the increase in PSTs’ level of noticing of students’ thinking about fractions? 
Before addressing the RQ directly, I needed to determine which experiences were statistically 
related to PSTs’ noticing of students’ mathematical thinking to decide which variables to include 
in the final model. Through ordinal regression analysis, I identified the experience variables that 
were predictive of a component of the PSTs’ noticing at either the start or end of the semester. 
Then I used those results, combined with the results from RQ1b and 2b to determine which 
predictors to include in the ordinal regression models with change in noticing as the outcome 
variable. I reduced the predictors as necessary to determine the best model to fit the data.   
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Qualitative Research Questions: 1c & 2c 
 (1c) How does the nature of PSTs’ noticing of students’ thinking about fraction relate to 
their MKT?  (2c) How does the nature of PSTs’ noticing of students’ thinking about fractions 
relate to their beliefs about the role of children’s thinking in math teaching? With the mixed 
methods study design, the quantitative analyses are intended to provide further insight for the 
statistically identified relationships. Consequently, when I wrote the RQs and began the 
quantitative analyses, I did not know what relationships would be statistically significant. As 
such, I intended for these RQs to be broad enough to allow me to answer them in response to the 
quantitative findings from RQs 1a and b, 2a and b, and 3. Given the statistical findings presented 
in Chapter 4, I derived two, more focused “guiding questions” that helped addressed RQs 1c and 
2c, but were specific to the quantitative findings. The guiding question related to RQ 1c is, why 
was growth in MKT associated with growth in interpretation primarily in the focal section? The 
guiding question that I answered to address RQ 2c is, why were PSTs’ beliefs only a weak 
predictor, at best, of their noticing of students’ mathematical thinking?  
Guiding Question 1. Why was growth in MKT associated with growth in interpretation 
primarily in the focal section? I investigated the relationship between growth in MKT and 
interpretation by drawing on three qualitative data sources. First, I analyzed the focal section’s 
group discussions of the Pattern Block Video at the start and end of the semester. Next, I 
analyzed two cases of PSTs who demonstrated notable growth in their MKT over the semester 
by looking at their interview responses. Finally, I examined differences between the PSTs in the 
focal and comparison sections’ responses to a question in the End of the Semester Questionnaire 
about changes in how they observe students in math.  
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Focal section group discussions of the Pattern Block Video. In response to the guiding 
question, I focused this analysis on how PSTs’ discussions of the Pattern Block Video changed 
over the semester, particularly in relation to group changes in MKT. All audio recorded 
discussions of the Pattern Block Video at the start and end of the semester were transcribed. 
Then, I randomly selected two groups, both who were considered to have a Medium Change in 
MKT, and began to identify the topic of conversation for each sentence in the discussion using 
the qualitative analysis software MAX QDA. I used an emergent coding process with their 
conversations at the start and end of the semester, for a total of four conversations (Creswell, 
2014). I chose to use sentences as the unit of analysis given the difference in the nature of PSTs’ 
conversations. In some groups, each PST shared their responses to all prompts at once and the 
discussion ended after each PST spoke once. Other groups were more conversational with the 
PSTs going back and forth with comments. The discussions were relatively short, ranging from a 
little over a minute to approximately six minutes long, with a mean conversation length of 3 
minutes and 45 seconds. Consequently, coding each turn would not capture the nuance in some 
of the conversations, and the conversations were too short to meaningfully group multiple PSTs’ 
comments by theme or idea.  
After coding these four discussions, I identified four themes that pertained to the PSTs’ 
interpretation of students’ thinking,14 presented in Table 3.12. Since the statistical analyses 
combined PSTs’ attention to and interpretation of students’ thinking, I included both the 
attention to what the student was doing and interpretation of the student’s thinking as pertinent 
codes. Comments about the student’s actions or thinking could be broad, where they are making 
                                               
14 I also identified two additional themes during the emergent coding process that related to the 
responding prompt. However, given that the analysis ultimately focused on the PSTs’ change in 
interpretation, I excluded these themes from the analyses.  
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a fairly general statement, or specific, where the PST provides a more detailed assessment. While 
the PSTs discussed the student’s thinking, it was common for them to interject comments that 
categorized the student or her thinking (i.e. “That was really smart.”) or to relate her solution to 
way they would approach the problem. Given the close connection of these comments to the 
PSTs’ discussions of the student’s thinking, I included these codes as a way to understand how 
the conversation of the student’s thinking shifted over the semester.  
Table 3.12 
Coding System to Analyze PSTs’ Discussion of the Pattern Block Video 




Statement of broad or 
specific actions that the 
student(s) in the video took. 
• Broad: She used shapes. 





Statement of what the 
student understood 
mathematically.  
• Broad: She understands the process, 
but not enough to do it on her own. 
• Specific: She immediately knew that 





Statement about students' 
qualities, either in relation to 
how they learn or their 
personalities.  
• She’s a visual learner. 




Statement about PSTs’ 
approach to the problem or 
the way they learned 
fractions. 
• Because like when I looked at the 
problem, I automatically started doing 
it in my head and I didn’t think about 
how you could do it with shapes. 
• We're used to doing math a different 
way, you know, write it down. 
 
Table 3.13 provides a portion of one group’s discussion and how it was coded. The codes 
were mutually exclusive, meaning that each sentence could only be coded with one descriptor. I 
chose to select the code that categorized the largest portion of the statement. For example, 
Karina’s statement, “She took way longer by using the rhombus and triangles, when she could 
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have just used six triangles to start with and it would have been easier for the two of them” could 
be considered Attending to the Student’s Actions because she states that the student used 
rhombuses and triangles to solve the problem. However, since the comment is mostly about what 
the student should have done to be more efficient, it was coded as Categorizing the Student’s 
Characteristics. Four out of the twelve discussions were double-coded, and the inter-rater 
reliability was 87%. Almost all of the discrepancies were the result of determining if the 
statement was about attending to the student’s actions or interpreting the student’s thinking, 
which was resolved through discussion.  
Table 3.13 
Coding of a Pattern Block Video Discussion at the Start of the Semester 































   
   
   
   



























































































Claire I mean she used the shapes to like 
visually see the fractions, which I 
thought was interesting. 
x      
 
When I looked at the problem, I 
automatically started doing it in my 
head and I didn’t think about how 
you could do it with shapes. 
     x 
 
She just knew it right off the bat.   x    
Deanna I learned that she is a very visual 
learner. 
    x  
 
She used shapes. x       
Then maybe also to help her 
partner, she asked questions to her 
partner to see if she was following 
along. 
x      
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Table 3.13 (continued) 































   
   
   
   



























































































Karina I think that she seems really 
inefficient. 
    x  
 She took way longer by using the 
rhombus and triangles, when she 
could have just used six triangles to 
start with and it would have been 
easier for the two of them. 
    x  
Harper Yeah, very step by step. x      
 
I used this analysis of discussions at the start and end of the semester to investigate how 
the focal section’s discussions of the Pattern Block Video changed from the start to the end of 
the semester. Specifically, I analyzed how the discussions of the student’s thinking shifted over 
the semester as well as how the specificity of the comments about the student’s thinking changed 
in relation to each group’s growth in MKT over the semester.  
Cases of PSTs with notable changes in MKT. Next, I examined the interview responses 
of two PSTs who demonstrated substantial growth in MKT over the semester. Of the eight 
interview participants, Sarah and Harper demonstrated the largest growth in MKT. The 
interviews were transcribed, and I read through their interviews while listening to the audio, with 
an eye towards descriptions of changes in their MKT, especially in relation to the noticing 
activities over the semester. In particular, I was interested in their understanding of how their 
mathematical knowledge changed over the semester as well as their response to the video 
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noticing activities. Although the interview protocols for both PSTs contained a specific question 
about the video noticing activities, due to time limitations, Sarah did not answer that question. I 
draw comparisons between Sarah’s and Harper’s experiences in the course, with special attention 
to their perception of the strengths of the noticing activities. In investigating Sarah’s and 
Harper’s experience, I hoped to gain insight on why the activities may have been particularly 
beneficial in increasing PSTs’ interpretation in relation to changes in MKT, if they did indeed 
have an impact.  
Differences between the focal and comparison section. I investigated how PSTs in the 
focal and comparison sections responded to the following question from the End of Semester 
Questionnaire: In what ways do you think that this course has changed the way you observe 
students doing mathematics, if at all? In order to have the largest sample size, I analyzed all 94 
PSTs’ responses to the question. After reading through all of the responses, I noticed that the 
PSTs’ answers to the question broadly fell into one of two categories: either they did or did not 
describe changes in the way the noticing students’ math thinking. Some PSTs wrote about 
changes in listening to students’ mathematical ideas, paying attention to students’ alternative 
solutions, or giving students the opportunity to think about math on their own, which I 
considered to be related to their noticing of students’ thinking. Others described changes in the 
way they viewed the teaching of mathematics, which is not related to their noticing. For 
example, some PSTs shared that they felt that math teaching should be hands-on or that it is 
important for students to have a conceptual understanding of procedures. To reflect these 
differences, I categorized these responses as either explicitly stating changes in their noticing of 
students’ mathematical thinking or not. In Chapter 5, I provide further details about this coding 
including examples of the PSTs’ responses.  
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RQ 1c asks about the relationship between the nature of PSTs’ noticing and their MKT. 
To follow up on the quantitative results, which indicated that growth in the PSTs’ MKT was 
related to their growth in interpretation, particularly in the focal section, the analyses of the 
Pattern Block Video discussions, the cases from the focal section, and the PSTs’ self-described 
changes were used to explore these results further. These analyses investigated not only how 
MKT is related to PSTs’ interpretation, but also why the noticing activities may have been 
particularly beneficial in heightening this relationship. 
Guiding Question 2. Why were PSTs’ beliefs only a weak predictor, at best, of their 
noticing of students’ mathematical thinking?  Broadly speaking, there was little statistical 
evidence that PSTs’ beliefs about the role of children’s thinking in math teaching were related to 
their noticing of students’ mathematical thinking. As mentioned previously in this chapter, 
although the SBI was created to capture a more nuanced measure of PSTs’ beliefs about the role 
of children’s thinking in math teaching, there was very little variation in PSTs’ responses to these 
items between PSTs and from the start and end of the semester. RQ 2c was initially written with 
the assumption that there would be some relationship between PSTs’ beliefs and their noticing. 
Since this was not evident, the second guiding question was developed to probe possible reasons 
why this relationship may not have been detected, if it does in fact exist. Specifically, I discuss 
how challenges in measuring beliefs and the noticing of students’ math thinking may complicate 
the ability to determine if PSTs’ beliefs about the role of children’s thinking in math teaching 
mediate their noticing in some way, if they do.  
Challenges in measuring PSTs’ beliefs. To examine the challenges with capturing PSTs’ 
beliefs, I first discuss the results of the four SBI questions. I provide evidence to exemplify how 
similar PSTs’ responses at the start of the semester were, which indicates that the PSTs may have 
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already learned about the “right” beliefs in their previous coursework in their teacher preparation 
program. Additionally, I provide evidence from two PSTs’ SBI responses and their group 
discussion of the Pattern Block video that demonstrates that some of the PSTs may not have 
responded to the survey items in a way that genuinely reflected their beliefs. Finally, I 
investigate how two PSTs, Sarah and Noelle, experiences in their practicum placement may have 
been related to their beliefs. Sarah and Noelle were the only two PSTs who discussed their 
practicum placement in their interview, and consequently the only PSTs I have detailed 
information about their field experiences. I examined how their responses to one of the SBI items 
changed over the semester, and how that may be related to their experiences in their practicum 
placements.  
Considerations in assessing PSTs’ noticing of students’ mathematical thinking. In 
discussing the challenges presented through the noticing assessment, I address two concerns that 
may have complicated capturing PSTs’ noticing of students’ mathematical thinking: the 
hypothetical nature of the assessment and their unfamiliarity with the student in the video which 
may have contributed to the number of unsupported judgments of the student. While coding the 
PSTs’ responses to the Pattern Block Video, I noticed that many of the PSTs wrote what I 
considered to be unsupported judgments of the student in the video. Many of these comments 
were as if the PST knew the student in the video, even though they did not know anything about 
the student aside from the two-minute video. For example, one PST wrote, “Her understanding 
of mathematics is very dependent on the visual aid to help her come to her conclusion.” To claim 
that the student’s understanding of math is dependent on visual aids, especially when she started 
solving the problem without using the pattern blocks first, is an unsupported judgment about how 
the student learns math. Another PST made a similar comment, saying, “She understood math 
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visually. She needed to use shapes to understand the fractions' sizes.” Such comments did not 
only occur in the PSTs’ interpretation of the students’ thinking, but also in their justification for 
their response to the student’s thinking. As one PST wrote: 
I would ask her how she came to that conclusion because she was stuttering a lot in the 
beginning and ask her to explain to me what she did. I would then ask her if using 6 
triangles might have been easier to explain and understand than by using both the 
rhombuses and the triangles. I would hope that she would gain confidence as she explains 
her steps to me because they are correct, and I would hope that she sees that there are 
other ways to solve the problem as well. There were many solutions that she could've 
taken, and this was but one of many. 
 
I coded for the presence of such judgments while coding PSTs’ level of noticing of students’ 
mathematical thinking. I used a binary coding system, where a 0 meant that the PST did not 
make such a comment, and a 1 indicated the presence of an unsupported judgment in the PST’s 
response. Thirty percent of the PSTs’ responses at the start and end of the semester were double 
coded for unsupported judgments and the interrater reliability was 91%. 
I answer the quantitative RQs, 1ab, 2ab, and 3 in Chapter 4 through statistical analyses 
that investigate if and how changes in PSTs’ knowledge, beliefs, and experiences are related to 
changes in their noticing of students’ mathematical thinking. Given the answers to those 
questions, I respond to RQs 1c and 2c in Chapter 5 by answer the guiding questions previewed in 
this chapter. The guiding questions are intended to shed light on the relationships identified 
through the quantitative analyses. In Chapter 6, I bring together the findings from Chapters 4 and 
5 and discuss the implications for math teacher education and future research.   
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CHAPTER 4: QUANTITATIVE ANALYSES OF THE RELATIONSHIP  
AMONG PSTS’ MKT, BELIEFS, AND EXPERIENCES AND THEIR  
NOTICING OF STUDENTS’ THINKING  
 In this chapter, I present the results of the quantitative portions of the research questions 
(1ab, 2ab, 3). These questions aim to explore the relationship among PSTs’ Mathematical 
Knowledge for Teaching (MKT), beliefs about the role of children’s thinking in math teaching, 
experiences with math, and their noticing of students’ mathematical thinking. I begin by 
addressing the relationship between PSTs’ scores in interpreting and responding to students’ 
thinking. This analysis does not specifically address a research question, but it provides context 
for how the components of noticing, interpretation of and response to students’ thinking, are 
related. Then, I focus on the relationship between MKT and noticing of students’ math thinking. 
Next, I address how PSTs’ beliefs are related to their noticing of students’ math thinking. 
Finally, I present the results of the third research question, which combines factors that are 
statistically significant predictors on their own into one statistical model to investigate the 
relative relationship of knowledge, beliefs, and experiences and PSTs’ noticing of students’ math 
thinking.  
Preliminary Analyses: The Relationship between PSTS’ Interpretation of 
and Response to Students’ Thinking 
 Before I address the research questions directly, I aim to provide perspective on how the 
PSTs’ interpretation and responding are connected. This analysis situates the remaining results in 
an understanding of how PSTs’ interpretation and responding encompass PSTs’ noticing of 
students’ math thinking in practice and theory.   
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Descriptive Statistics: Interpretation and Responding 
As addressed in the Methods Chapter, for this study, noticing students’ thinking is 
measured in two categories, interpreting students’ thinking and responding to students’ thinking. 
PSTs’ responses were coded as one score at the start and end of the semester for the level in 
which they interpreted students’ thinking. There were three scores for responding to students’ 
thinking. As described in the Methods Chapter, two separate scores were used to analyze PSTs’ 
response to the student’s thinking displayed in the Pattern Block Video: the level to which they 
sought to review the student’s thinking (reviewing) and the level to which they sought to extend 
the student’s thinking (extending). The third responding score is the highest of the PSTs’ 
reviewing and extending scores. For example, if a PST scored a 1 in reviewing and a 2 in 
extending, then 2 was the PST’s highest responding score. As discussed in previous chapters, 
noticing literature often investigates responding scores in light of the depth of analysis, not 
necessarily the content of the questions. As such, my decision to use the highest responding 
variable is aligned with past research.  
Table 4.1 shows the proportion of PSTs who scored at each level of interpreting and 
responding at the start and end of the semester. A Sign Test was used to determine individual 
changes in PST’s scores over the semester, and the results are indicated in the table with 
asterisks. The Sign Test is a paired-samples test that compares the number of participants with 
positive, and negative, and no change in each component from the start to the end of the semester 
(Baguley, 2012). This test is appropriate since it compares changes in an ordinal variable at two 
points in time. PSTs demonstrated significant growth in their interpretation and highest 
responding scores over the semester, with 44 PSTs demonstrating a positive change in their level 
of interpretation and 27 PSTs showing growth in their highest level of responding. Additionally, 
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these results show that there was no significant growth PSTs’ level of reviewing or extending 
over the semester, only in the level of the highest responding score. In other words, PSTs grew in 
the depth to which they connected their questions to students’ thinking but did not significantly 
change the type of questions that they asked. 
Table 4.1 
Changes in PSTs’ Levels of Noticing of the Semester (n=92) 
Component of Noticing 
Start of the Semester End of the Semester 





















































*p < .05, ** p < .01, *** p < .001 
 
Table 4.2 shows how PSTs’ level of reviewing was related to their level of extending at 
the start and end of the semester. Approximately 70% of the PSTs’ answers to the responding 
prompts fell in either extending or reviewing at the start and end of the semester, with 30% of the 
responses scored in both categories. The largest proportion of PSTs’ responses at the start and 
end of the semester were scored at a Level 0 in reviewing and a Level 1 in extending. This means 
that when asked how they would respond to the student in the video, 33% of the PSTs asked one 
question that served to extend students’ thinking, with a vague connection to the student’s 
thinking. Overall, by the end of the semester, fewer PSTs’ questions were coded as a Level 0 and 
more were at a Level 2 in both responding types, which corresponds with the growth in highest 
responding shown in Table 4.1. Given that the highest responding variable captured PSTs’ 
growth over the semester, and to be consistent with past literature, for the remainder of the 
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quantitative analysis presented in this chapter, I only report analyses with PSTs’ highest 
responding score, which is referred to as PSTs’ responding score.15  
Table 4.2 
Relationship Between PSTs’ Reviewing and Extending in Responding over the Semester 
Reviewing 
Extending 
Start of the Semester End of the Semester 









































Table 4.3 highlights the relationship between PSTs’ level of interpreting and responding 
over the semester. The proportion of PSTs who scored at the highest level in both interpreting 
and responding had a notable increase. Approximately 9% of the PSTs scored the highest in both 
categories at the start of the semester, which grew to 25% by the end of the semester. 
Additionally, of the PSTs who scored a 2 in interpreting (21 PSTs at the start of the semester and 
37 PSTs at the end of the semester), only 1 PST had a responding score of Level 0, since she said 
that she would choose not to ask the student a question. This indicates that for the PSTs that 
interpreted at the highest level, they essentially always posed at least one question that connected 
to the student’s thinking. 
 
                                               
15 While using the highest responding score is most consistent with past research and was the 
best responding variable to capture growth over the semester, I conducted all statistical analyses 
with reviewing and extending as the dependent variable as well. This was to assure that I was not 
missing an important relationship by collapsing the extending and responding variables. None of 
the analyses were statistically significant models, which indicates that the topic or purpose of 
PSTs’ question(s) in response to students’ math thinking was not statistically related to PSTs’ 
knowledge, beliefs, or experiences as measured in this study. Consequently, the distinction in the 
topic of the questions will not be addressed throughout the remainder of this chapter. 
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Table 4.3 
Relationship Between PSTs’ Interpreting and Responding Scores over the Semester 
Interpreting 
Highest Responding 
Start of the Semester End of the Semester 









































Table 4.3 also demonstrates that there were some PSTs whose interpretation of the 
student’s thinking was scored at a Level 0, while their question was scored at a Level 1 or 2. At 
the start of the semester, the most substantial proportion of PSTs scored a 0 in interpreting and a 
1 in responding.16 This indicates that while PSTs did not demonstrate that they interpreted the 
student’s thinking, their question served to review or extend the student’s thinking. Readers may 
wonder how it is possible for PSTs to be considered responding to the student’s thinking while 
scoring 0 in interpreting the student’s thinking. Below is one PST’s responses to the noticing 
prompts at the start of the semester to exemplify how a PST obtained this combination of 
noticing scores. When asked about what the student understood about math, this PST responded:  
She used shapes to solve the problem 2/3-1/6. I believe that she was trying to use those 
shapes as a visualization to better understand the problem she was working on. It was 
evident that in order for her to best understand mathematics, she needs to use 
visualization tools in order to come to an answer.   
When asked what question she would pose to the student and why the PST responded:  
                                               
16 At the start and end of the semester, there were three PSTs who scored a 2 in responding and a 
0 in interpreting. Each of these PSTs concluded that the student in the video got the problem 
incorrect (when she solved the problem correctly), which was considered a Level 0 in 
interpreting. 
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If I was her teacher, I would ask her to try to explain what she was doing. First though, I 
think it would be a good idea to bring up a different problem with fractions so that she 
could see different numbers and how she might or might not be able to explain things the 
same way. 
This PST’s responses suggest she did not consider what the student was thinking 
mathematically but instead focused on broader evaluative comments about the type of math 
student she is, so she received a 0 for interpreting. The purpose of her question was to review the 
student’s thinking by asking her to go through her process and explain what she was doing, 
which was coded as Level 1 for responding. This pattern was common for the PSTs who scored 
at a Level 0 in interpreting and a Level 1 in responding. PSTs tended to focus on evaluative 
comments about characteristics of the student, often describing her as a “visual learner,” instead 
of the student’s math thinking. Then PSTs asked the student to explain her thinking in some way. 
If PSTs did not understand what the student was doing mathematically, they may have felt they 
had nothing else to say except broader assumptions about the student’s thinking. Then, since they 
were unsure about what the student was thinking, they genuinely wanted the student to review 
her actions so that they could understand. 
Ordinal Regression Analysis: Does Interpretation Predict Responding?  
Although PSTs’ interpretation scores did not always match their responding scores, it 
could still be that PSTs with higher interpretation scores tended to have a higher score in 
responding. Hence, I conducted an ordinal logistic regression analysis to determine the 
relationship between PSTs’ level of interpretation and their level of responding. As discussed in 
Chapter 3, this test is appropriate since the dependent variable, PSTs’ responding scores, is 
ordinal. For this analysis, PSTs’ level of interpretation had to be treated as a nominal variable 
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instead of an ordinal variable, meaning that interpreting lost its ordinal nature in the test. By 
treating interpreting as a nominal variable, Levels 0, 1, and 2 are simply three categories. 
However, since the dependent variable, PSTs’ responding score, is ordinal, it was critical to 
conduct an ordinal regression analysis in order to preserve that Levels 0, 1, and 2 are ranked. 
 Table 4.4 displays the models examining whether PSTs’ interpreting scores predict their 
responding scores at the start and end of the semester. These results indicate that there is indeed a 
statistically significant relationship between PSTs’ level of interpreting and responding at both 
the start and end of the semester. PSTs who scored a 1 in interpreting were 2.8 times and 3.2 
times more likely to score higher in responding than their peers who scored a 0 in interpretation 
at the start and end of the semester respectively. At the start of the semester, PSTs who scored a 
Level 2 in interpreting were 6.6 times more likely to score higher in responding than their peers 
who scored a Level 0 in interpreting. This relationship was even more pronounced at the end of 
the semester, with PSTs who scored a Level 2 in interpreting being 23.4 times more likely to 
score higher in responding compared to PSTs who scored a Level 0 in interpreting.  
Table 4.4 
Ordinal Regression Results: Interpreting Scores Predicting Responding Scores 
Parameter 
Hypothesis Testing Odds 
Ratio 
95% CI for Odds Ratio 
Wald Chi-Square DF Lower Upper 
Start of Semester 
Interpreting Level 2 10.3*** 1 6.6 2.1 21.0 
Interpreting Level 1 3.6* 1 2.8 1.0 7.9 
End of Semester 
Interpreting Level 2 23.3*** 1 23.4 6.5 84.2 
Interpreting Level 1 3.9*** 1 3.2 1.0 10.5 
*p < .05, ** p < .01, *** p < .001 
Note. Interpreting at a Level 0 was the reference category, which means that the odds ratios for 





RQ1: How does PSTs’ MKT Relate to their Noticing of Students’ Thinking? 
 To address RQ1, I begin by providing an overview of the variables relevant for this 
analysis with descriptive statistics. Then I address RQ1a in two parts, since PSTs’ noticing was 
comprised of interpretation and responding scores. I investigate how PSTs’ MKT is related to 
their interpretation of and their response to students’ thinking separately with ordinal regression 
analyses. Finally, I answer RQ1b by investigating if PSTs’ growth in MKT corresponded with 
growth in their noticing. 
Descriptive Statistics: MKT 
Table 4.5 presents the minimum, maximum, mean, and standard deviation of PSTs’ MKT 
scores at the start and end of the semester as well as the results of the paired-samples t-test. 
Given the continuous nature of PSTs’ MKT scores, a paired-samples t-test was an appropriate 
way to investigate how PSTs’ MKT changed over the semester. Overall, PSTs grew in their 
MKT from the start to the end of the semester. On a 23-point scale, PSTs’ mean MKT score 
went from a 10.82 at the start of the semester to 12.82 at the end of the semester. Cohen’s d 
indicates a medium effect size for the increase in MKT scores (Cohen, 1988).  
Table 4.5 
Descriptive Statistics of MKT Scores over the Semester 
 Start of the Semester End of the Semester 
Cohen’s d 
 Min. Max. Mean SD Min. Max. Mean SD 
MKT 4 21 10.82 3.24 3 22 12.82 3.62 .58*** 
*p < .05, ** p < .01, *** p < .001 
 
Ordinal Regression Analyses 
RQ1a: Do PSTs with greater MKT demonstrate higher levels of interpretation? 
Table 4.6 displays the results of the ordinal regression models that explored whether PSTs’ 
scores on the MKT assessment predicted their level of interpretation. The results from the start of 
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semester use PSTs’ MKT and interpreting scores at the start of the semester, and likewise for the 
end of semester results. At both points, PSTs with higher MKT were significantly more likely to 
have higher interpreting levels, with every point increase in their MKT scores corresponding 
with a 1.2 times greater likelihood of scoring higher in interpretation scores. Hence, PSTs with 
greater MKT tended to display a higher level of interpretation of students’ thinking. 
Table 4.6 
Ordinal Regression Results: MKT Predicting Level of Interpretation 
Parameter 
Hypothesis Testing Odds 
Ratio 
95% CI for Odds Ratio 
Wald Chi-Square DF Lower Upper 
Start of Semester 
MKT 6.0* 1 1.2 1.0 1.3 
End of Semester 
MKT 9.4** 1 1.2 1.1 1.4 
*p < .05, ** p < .01, *** p < .001 
 
 This relationship is evident when investigating PSTs’ MKT scores by interpretation level 
(Figure 4.1). There is a gradual increase in mean MKT scores as the interpretation level 
increases. At the start of the semester, the mean MKT for PSTs who earned a 0 in interpretation 
was 9.87, 11.57 for those who scored a 1, and 11.85 for the PSTs who were at a Level 2 in 
interpretation. Likewise, at the end of the semester, the mean MKT scores were 10.90, 12.91, 




MKT Scores by Interpreting Level 
Start of Semester 
 
MKT Scores by Interpreting Level 
End of Semester 
 
Figure 4.1. MKT scores by PSTs’ level of interpretation over the semester. 
 
RQ1a: Do PSTs with greater MKT demonstrate higher levels of responding 
compared to PSTs’ with lower MKT? Similar to interpretation scores, I conducted an ordinal 
logistic regression to determine the relationship between PSTs’ MKT and their level of 
responding to students’ math thinking. I ran the analysis for the start and end of the semester 
scores separately. Neither model was statistically significant, indicating that there is no 
statistically significant relationship between PSTs’ MKT scores and their response to students’ 
math thinking.  
It is worth noting a slight trend that existed within the study’s sample. As discussed 
previously, PSTs with higher MKT were more likely to have higher interpretation scores and 
PSTs with higher interpretation scores were more likely to score higher in responding. This 
series of results indicate that while there is not a direct, statistically significant relationship 
between PSTs’ MKT and response to students’ thinking, a weak relationship might exist. This 
weak relationship is demonstrated by investigating PSTs’ MKT scores by responding level at the 
start and end of the semester, as shown in Figure 4.2. At the start of the semester, the mean MKT 
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score for PSTs who responded at a Level 0 was 10.18, 10.83 for PSTs at a Level 1, and 11.41 for 
those who scored a 2 in responding. A similar pattern is evident at the end of the semester, with a 
mean MKT score of 12.08, 12.49, and 13.61 for responding at a Level 0, 1, and 2 respectively. 




MKT Scores by Responding Level 
Start of Semester 
 
 
MKT Scores by Responding Level 
End of Semester 
 
Figure 4.2. MKT scores by PSTs’ level of responding over the semester. 
 
RQ1b: Does an increase in PSTs’ MKT correspond to growth in their 
interpretation? Given the previously discussed findings, I investigated Research Question 1b 
(Does the increase in PSTs’ MKT correspond to a growth in their noticing of students’ thinking 
about fractions?) in relation to PSTs’ interpretation of students’ math thinking only. Since this 
analysis investigates changes over the semester, it is necessary to consider how the methods 
course is related to PSTs’ noticing of students thinking. In particular, as discussed in the 
Methods Chapter, the focal and comparison sections had differing experiences with noticing 
activities over the semester. While all sections of the course covered the same content in almost 
identical activities and pacing over the semester, the focal section also participated in additional 
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noticing activities.17 Unlike previous research that used extensive frameworks and activities to 
support PSTs in increasing their noticing of students’ math thinking (Amador & Weiland, 2015; 
Alsawaie & Alghazo, 2010; Jacobs et al., 2010; Mitchell & Marin, 2014; Sánchez-Matamoros et 
al., 2014; Schack et al., 2013; Thomas et al., 2017), these noticing activities were largely 
intended to capture PSTs’ noticing over time, not necessarily teach them how to notice. 
Nonetheless, these additional noticing activities did provide opportunities for PSTs in the focal 
section to practice noticing students’ thinking and therefore it is necessary to consider the focal 
and comparison sections as different for this analysis. Before analyzing how changes in MKT are 
related to changes in interpretation of students’ thinking, I first present descriptive statistics to 
highlight differences between the focal and comparison sections that are relevant in this analysis.  
Descriptive statistics: Focal and comparison sections’ MKT and interpretation scores. 
Table 4.7 shows the results of two independent samples t-tests comparing the MKT scores in the 
comparison and focal sections at the start and end of the semester. Since I am investigating 
differences between two independent groups (the focal and comparison sections) on a continuous 
scale (MKT), an independent samples t-test is appropriate (Howell, 2010). At the start of the 
semester, there was a statistically significant difference between the two groups, with the 
comparison sections having statistically higher MKT scores than the focal section. Cohen’s d for 
this result indicates a medium effect size (Cohen, 1988) for this initial difference in MKT scores. 
By the end of the semester, there was no statistical difference in MKT scores between the focal 
and comparison sections.  
                                               
17 In the class time that the focal section was participating in the noticing activities, the 
comparison sections did additional group work on problems relating to the week’s course topic. 
In Week 7, the comparison sections did additional group problem solving on whole number 
operations. For the second noticing activity in Week 11, the comparison sections did additional 
problems involving fraction concepts.  
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Table 4.7 
Focal and Comparison Sections’ MKT Scores over Semester 
Variable 





Mean SD Mean SD Mean SD Mean SD 
MKT 11.2 3.26 9.65 2.98 .5* 12.96 3.77 12.39 3.16 .16 
*p < .05, ** p < .01, *** p < .001 
 
I conducted a Mann-Whitney U test to determine if there are differences in interpretation 
scores between the focal and comparison sections at the start and end of the semester (Table 4.8). 
The Mann-Whitney U test is suitable since it determines statistical differences in an ordinal 
variable (level of interpretation) between two groups (comparison and focal sections) (Lehmann, 
2006). At the start of the semester, there was no statistical difference between the two groups. At 
the end of the semester, the PSTs in the focal section had higher interpretation scores than the 
comparison sections, U = 1065, z = 2.611, p = 0.009.   
Table 4.8 
Focal and Comparison Sections’ Interpretation Scores over Semester 
Interpretation 
Level 
Start of the Semester End of the Semester 
Comparison 
(N = 69) 
Focal 
(N = 23) 
Comparison 
(N = 69) 
Focal 





























Ordinal regression analysis: Does an increase in PSTs’ MKT correspond to growth in 
their interpretation? To investigate how changes in MKT are related to changes in interpretation 
scores, I computed the change in MKT and change in interpretation score by subtracting the 
scores at the start of the semester from the scores at the end of the semester. Figure 4.3 displays 
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two histograms that show how PSTs’ MKT and interpretation scores changed over the semester. 
PSTs’ mean gain in MKT was 2 points, with a standard deviation of 3.2.  
  
Figure 4.3. Changes in PSTs’ MKT and interpretation scores over the semester.  
 
 I conducted an ordinal logistic regression to examine whether changes in PSTs’ MKT 
scores predicted changes in interpretation scores.18 The model also includes being in the focal or 
comparison section as a parameter as well as the interaction of being in the focal section and 
change in MKT scores. Since PSTs’ experiences in the methods courses are different, the 
interaction of being in the focal section and change in MKT accounts for the possibility that how 
changes in MKT predict changes in interpretation of students’ thinking may differ between the 
two groups. The results of the model, presented in Table 4.9, show that growth in PSTs’ MKT 
scores corresponds with growth in their interpretation scores, with this relationship being even 
more pronounced in the focal section. With each point increase in PSTs’ growth in MKT, they 
are 36% more likely to increase in their interpreting scores over the semester. In the focal 
                                               
18 As the change in interpretation is the difference of two ordinal scales, I treated it as an ordinal 
variable.  
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section, this relationship was especially pronounced, with PSTs in the focal section being 39% 
more likely to have an increase in their interpreting scores with each point increase in MKT 
scores than their peers in the comparison section. Being in the focal section alone was not a 
statistically significant predictor in this model, while the interaction factor was. In other words, 
being in the focal section alone was not associated with an increase in the likelihood of higher 
changes in interpretation scores in this model. 
Table 4.9 





95% CI  
Wald Chi-
Square 
DF Lower Upper 
Focal Section .39 1 1.41 .48 4.06 
Change in MKT 6.53* 1 1.36 1.08 1.73 
Interaction of Focal and Change in MKT 5.45* 1 1.39 1.06 1.85 
*p < .05, ** p < .01, *** p < .001 
 
Figure 4.4 contains boxplots showing the relationship between PSTs’ change in MKT 
and change in interpretation by focal and comparison sections. From this figure, it is clear that 
the focal section predominately drives the relationship between PSTs’ change in MKT and 
change in the level of interpretation.20 This indicates that changes in interpretation are not only 
driven by changes in MKT but that experiences with noticing tasks, which only the focal section 
had, may be an important component for increasing PSTs’ interpretation of students’ thinking.  
                                               
19 I ran the model with interpreting scores at the start of the semester as a predictor, and all 
variables of interest were approximately the same value. For ease of interpretation, I excluded 
this variable from the model. 
20 PSTs’ MKT scores in the comparison sections are significantly related to their interpretation 
scores at the start and end of the semester. However, when an ordinal regression is run only for 
the comparison section investigating growth in MKT and growth in interpretation, the model is 
not significant. This means that for the comparison section when taken alone, growth in MKT is 
not significantly predictive of growth in interpretation. 
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Figure 4.4.  Change in PSTs’ MKT scores by changes in their interpretation scores 
in the focal and comparison sections. 
 
There are several possible explanations for this result. First, it is important to note that the 
PSTs in the focal section were aware that they were participating in these measures as a part of 
my research. Since I was their course instructor, the PSTs in the focal section may have taken the 
assessments more seriously at the end of the semester than their peers in the comparison sections. 
However, if that were the only explanation, then one would expect that being in the focal section 
alone would be a statistically significant predictor or that the focal section would score higher 
across all outcome variables (such as MKT, which was statistically similar between the focal and 
comparison sections). Another reason for this relationship may be that when PSTs had 
experiences with noticing in focal section, it allowed them to leverage their MKT better in their 
interpretation of students’ thinking. Alternatively, it could be that the PSTs who had the most 
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substantial gains in their MKT were more attentive to the language of noticing during the 
activities and how to express their noticing in the “right way,” and consequently better able to 
communicate their noticing. In Chapter 5, I analyze qualitative data to gain a better 
understanding of possible explanations for this relationship. 
RQ2: How do PSTs’ Beliefs Relate to their Noticing of Students’ Thinking? 
 To ground the investigation of the relationship between PSTs’ beliefs and their noticing 
of students’ math thinking, I first provide descriptive statistics of the relevant variables. Next, 
similar to how I presented the results for the relationship between MKT and noticing of students’ 
thinking, I investigate how PSTs’ beliefs are related to their interpretation and response to 
students’ math thinking separately. Using the results from these statistical analyses, I then 
address Research Question 2b, investigating how changes in beliefs are related to changes in 
noticing. 
Descriptive Statistics: Likert Beliefs Items 
Table 4.10 presents the descriptive statistics for the overall mean of all 15 items 
(Composite Beliefs), as well as the descriptive statistics for each factor independently. As 
described in the Methods Chapter, the 15 beliefs items composed four factors. I calculated the 
mean score for each factor by adding the scores (0-4) for all items in the factor and then dividing 
by the number of items in the factor. Table 4.10 presents the minimum, maximum, mean, and 
standard deviation at the start and end of the semester as well as the results of the paired samples 
t-tests. This test determines if PSTs’ beliefs scores, a continuous variable, differed significantly 
at two points in time (at the start and end of the semester). The t-test results indicate that PSTs 
scored higher in all factors as well the composite score at the end of the semester than at the start 
of the semester. PSTs’ scores increased the most for the Teacher Telling (d=.62) and Productive 
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Struggle (d=.59) Factors, as well as for the overall composite beliefs score (d=.73). Additionally, 
it is important to note that Factor 2, which is specifically about beliefs about students’ thinking, 
has the highest mean and smallest standard deviation of the four factors at both the start and end 
of the semester. With a high mean and small standard deviation at the start of the semester, there 
was not much room for PSTs to demonstrate growth in this factor.  
Table 4.10 
Descriptive Statistics of Likert Beliefs Scores over the Semester 
 Start of the Semester End of the Semester 
d 
 Min. Max. Mean SD Min. Max. Mean SD 
Composite Beliefs 2.16 3.79 3.03 .32 2.43 3.89 3.27 .35 .73*** 
F1: Teacher Telling 1.2 3.8 2.40 .57 1.4 4.0 2.76 .59 .62*** 
F2: Students’ Thinking 2.67 4.0 3.68 .41 2.33 4.0 3.80 .37 .28* 
F3: Productive Struggle 1.5 4.0 2.72 .53 1.5 4.0 3.04 .55 .59*** 
F4: Classroom Discourse 2.0 4.0 3.30 .53 2.33 4.0 3.49 .45 .38** 
*p < .05, ** p < .01, *** p < .001 
 
Ordinal Regression Analysis 
RQ2a: Do PSTs who place more significance on the role of children’s thinking in 
math teaching demonstrate higher levels of interpretation? I conducted an ordinal logistic 
regression to determine the relationship between PSTs’ beliefs and their level of interpreting 
students’ math thinking. I started by using the composite mean score as the predictor variable. 
The model was not significant for the start or end of the semester scores, indicating that there is 
not a statistically significant relationship between PSTs’ scores on the beliefs about the role of 
children’s’ thinking in math teaching scale and their interpretation of students’ thinking. Figure 
4.5 displays the box plots indicating the mean and quartiles for the composite belief scores by 
interpreting level at the start and end of the semester. At the start of the semester, 2.98 was the 
mean beliefs score of PSTs who were scored at a Level 0 in interpretation, 3.0 was the mean 
score at Level 1, and 3.14 at Level 2. Similarly, at the end of the semester, the mean composite 
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beliefs score was 3.20, 3.28, 3.31 for interpretation Levels 0, 1, and 2 respectively. While there 
was a small increase in median composite beliefs scores between the three levels of 
interpretation scores at the start and end of the semester, the differences are small, consistent 
with the lack of statistical association detected. I also conducted an ordinal logistic regression 
analysis for each of the four factors independently at the start and the end of the semester (See 
Table E.1 in Appendix E). None of these models indicated a statistically significant relationship 
between the factor and PSTs’ interpretation of students’ math thinking.  
 
Mean Beliefs Scores by Interpreting Level 
Start of Semester 
 
 
Mean Beliefs Scores by Interpreting Level 
End of Semester 
 
Figure 4.5. PSTs’ beliefs about the role of children’s thinking in math teaching composite 
mean scores by PSTs’ level of responding over the semester. 
 
RQ2a: Do PSTs who place more significance on the role of children’s thinking in 
math teaching demonstrate higher levels of responding? Similar to the previous analysis, I 
conducted an ordinal logistic regression to investigate if PSTs who scored higher in their beliefs 
about the role of children’s thinking in math teaching had higher levels of responding to 
students’ math thinking. Using the composite beliefs mean as a predictor in the model did not 
yield a statistically significant model at the start or end of the semester. I proceeded to 
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investigate each beliefs factor in relationship to PSTs’ response to students’ thinking, both at the 
start and end of the semester. One model was statistically significant. Table 4.11 shows that at 
the end of the semester, PSTs’ mean score in Factor 4, which related to beliefs about classroom 
discourse, was associated with responding scores.21 Specifically, with a one-point increase in 
beliefs (i.e., from agree to strongly agree), the PST is 2.6 times more likely to respond at a higher 
level. This relationship was not statistically significant at the start of the semester. As discussed 
in the Methods Chapter, this may be because PSTs’ beliefs were less consistent at the start of the 
semester since the results of factor analysis for the start of the semester indicate that it was 
common for PSTs to hold contradictory beliefs. As it was their first math methods course, the 
PSTs may have been unfamiliar with vocabulary common in math education, and consequently 
have misunderstood some items. This could mean that their responses at the start of the semester 
were less representative of their true beliefs than the end of the semester.  
Table 4.11 
Ordinal Regression Results: Beliefs about Classroom Discourse Predicting Responding 
Parameter 
Hypothesis Testing Odds 
Ratio 
95% CI  
Wald Chi-Square DF Lower Upper 
F4: Classroom Discourse 4.3* 1 2.6 1.1 6.5 
*p < .05, ** p < .01, *** p < .001 
 
As Figure 4.6 illustrates, there is a gradual increase in median scores of the Classroom 
Discourse Factor as the level of responding increases at both the start and end of the semester. 
However, the increase is minimal at the start of the semester and statistically indistinguishable. 
PSTs who responded at a Level 0 at the start of the semester had a mean score on the Classroom 
                                               
21 When adjusting for multiple comparisons, this model is no longer significant.  However, since 
the purpose of the analysis is to identify areas of beliefs that may be pertinent to PSTs’ noticing 
more generally (outside this specific study), it is worth taking note of this relationship between 
classroom discourse beliefs and responding.   
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Discourse Factor of 3.29, Level 1 at 3.3, and Level 2 at 3.31. At the end of the semester, the 
differences are slightly more pronounced with the mean scores in the Classroom Discourse 
Factor being 3.27, 3.47, and 3.6 at Levels 0, 1, and 2 respectively.  
 
F4 Beliefs Scores by Responding Level 
Start of Semester 
 
F4 Beliefs Scores by Responding Level 
End of Semester 
Figure 4.6. PSTs’ beliefs about classroom discourse mean scores by PSTs’ level of responding 
over the semester. 
 
It is important to note that Table 4.10 and Figures 4.5 and 4.6 indicate that the PSTs had 
topped out the Likert scale, which I had anticipated might be a limitation of using Likert items to 
measure PSTs’ beliefs about the role of children’s thinking in math teaching. Due to this 
limitation, there could be significant relationships that were missed due to ceiling effects on the 
beliefs items. Additionally, since all PSTs at least were above “neutral”, even if a PST rarely 
“strongly agreed” with a statement and did not top out the Likert scale, all PSTs scored high 
which made differences between PSTs’ beliefs difficult to discern. Having anticipated this 
limitation, I also measured beliefs about the role of children’s thinking in math teaching with a 
Situational Beliefs Instrument. Given the qualitative nature of these items, the results are 
discussed at length in Chapter 5. 
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RQ2b: Does a shift in PSTs’ beliefs about the role of children’s thinking in math 
teaching correspond to growth in their responding?  Since there was one statistically 
significant result between PSTs and their level of responding, I investigated RQ 2b by looking at 
the relationship between the shift in PSTs’ beliefs about the role of children’s thinking in math 
teaching and their level of responding over the semester. As the analysis investigates changes 
over the semester, it is necessary to include being in the focal or comparison section as a factor 
in the model as well as the interaction between the section and change in beliefs. Before 
conducting the analysis to investigate how changes in beliefs are associated with changes in 
responding to students’ thinking, I first present descriptive statistics highlighting differences 
between the focal and comparison sections that are relevant in this analysis.  
Descriptive statistics: Focal and comparison sections’ beliefs and responding scores. 
Similar to the analysis investigating how changes in MKT predicted changes in interpretation, it 
is necessary to consider how the two groups of PSTs, the focal and comparison, were both 
similar and different before conducting the ordinal regression analysis. This provides context for 
ways in which practicing noticing may have impacted PSTs’ beliefs differently over the 
semester. Table 4.12 displays PSTs’ beliefs scores for the comparison and focal sections at the 
start and end of the semester, as well as the results of the independent samples t-test. The 
independent samples t-test determines if there is a difference between the two groups 
(comparison and focal) in their beliefs scores. At the start of the semester, the focal section was 
statistically lower in their composite beliefs as well as their scores on the Productive Struggle 
Factor. At the end of the semester, there is no longer a statistical difference in the composite 
beliefs scores between the comparison and focal sections. While there is still a statistical 
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difference in the Productive Struggle Factor, it is a smaller difference than at the start of the 
semester, and both groups showed growth over the semester.  
Table 4.12 
Focal and Comparison Sections’ Beliefs Scores over Semester 
Variable 





Mean SD Mean SD Mean SD Mean SD 
Composite 
Beliefs 
3.07 .32 2.89 .3 .57* 3.31 .35 3.16 .32  
F1: Teacher 
Telling 
2.41 .62 2.37 .43  2.78 .61 2.72 .52  
F2: Students’ 
Thinking 
3.72 .4 3.58 .42  3.82 .37 3.72 .37  
F3: Productive 
Struggle 
2.83 .51 2.36 .43 .96** 3.11 .55 2.79 .46 .64* 
F4: Classroom 
Discourse 
3.31 .5 3.25 .63  3.51 .46 3.42 .44  
*p < .05, ** p < .01, *** p < .001 
 
To investigate how the focal and comparison section differed in their responding scores, I 
conducted a Mann-Whitney U test at the start and end of the semester. The Mann-Whitney U test 
is appropriate since it tests if there is a statistical difference in an ordinal variable (responding 
scores) between two groups (focal and comparison) (Lehmann, 2006). At the start and end of the 
semester, there was no statistical difference between the two groups. Table 4.13 displays the 







Focal and Comparison Sections’ Responding Scores over Semester 
Level of 
Responding 
Start of the Semester End of the Semester 
Comparison 
(N = 69) 
Focal 
(N = 23) 
Comparison 
(N = 69) 
Focal 





























Ordinal regression analysis: Does a shift in PSTs’ beliefs about the role of children’s 
thinking in math teaching correspond to growth in their responding? I computed the change in 
composite beliefs, each beliefs factor, and change in responding score by subtracting the scores 
from the start of the semester from the scores at the end of the semester. Figure 4.7 displays 
histograms showing how PSTs’ beliefs and responding scores changed over the semester.  
 
  
Figure 4.7. Changes in PSTs’ beliefs and responding over the semester.  
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I conducted ordinal logistic regressions to examine whether changes in the PSTs’ 
responses on the beliefs factors predict changes in the level of their responding,22 shown in Table 
4.14. This table first presents simple models without the interaction of being in the focal or 
                                               
22 The change in interpretation score is treated as an ordinal variable, given that is created from 
the difference of two ordinal scales. 
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comparison section. Since the Classroom Discourse Factor was a statistically significant 
predictor for the end of the semester, I included the full model with interaction for this factor. 
Table E.2 in Appendix E displays the results for the models that include the interaction for all 
factors. As evident in Table 4.14, none of the models were statistically significant. This does not 
mean that the changes in PSTs’ beliefs about the role of children’s thinking had no impact on 
changes in how they responded to students’ thinking, but it does indicate that there was not a 
strong enough relationship to be identified statistically in this study. Again, this could be because 
there was little differentiation in scores due to ceiling effects, and consequently, as seen in Figure 
4.7, there is not much change in scores over the semester. Unfortunately, if a PST’s beliefs about 
the role of children’s thinking in math teaching notably changed, if they “strongly agreed” at the 
start of the semester, there is no way to capture the growth with the instrument.  
Table 4.14 
Ordinal Regression Results: Changes in Beliefs Predicting Changes in Responding23 
Parameter Wald Chi-Square Sig. Odds Ratio 
Composite Beliefs Model    
Change in mean of Composite Beliefs .08 .78 1.26 
    
F1: Teacher Telling Model    
Change in mean of F1 .70 .40 .72 
    
F2: Students’ Thinking Model    
Change in mean of F2 .03 .87 .93 
    
F3: Productive Struggle Model    
Change in mean of F3 .49 .51 1.29 
    
F4: Classroom Discourse Model    
Change in mean of F4 .82 .36 1.44 
    
F4: Classroom Discourse Full Model (p = .72)    
Comparison Section .31 .58 .75 
Change in mean of F4 .33 .56 1.64 
Interaction of Comparison and Change in F4 .03 .86 .85 
                                               
23 I ran these models with responding scores at the start of the semester as a predictor, and all 
variables of interest were approximately the same value. For ease of interpretation, I excluded 
this variable from the model. 
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RQ3: What is the Relative Contribution of PSTs’ Increased MKT, Beliefs,  
and Experiences to Increases in Noticing? 
In this section I address the third Research Question, which examines the relative 
contribution of increases in MKT, beliefs, and experiences to increases in noticing. I have not yet 
presented findings showing how PSTs’ experiences are statistically related to their noticing of 
students’ math thinking. I address this first to identify which factors are independently significant 
predictors of PSTs’ noticing, if any, to determine which factors should be added to the overall 
model for the semester. Specifically, I investigate how experiences learning and teaching math 
before the methods course are related to PSTs’ noticing at the start of the semester and then I 
examine how PSTs’ experiences during their practicum are related to their noticing at the end of 
the semester. While these analyses do not answer RQ3 directly, they do determine which 
experiences should be included in the initial model combining all factors (MKT, beliefs, and 
experiences). Finally, I address RQ3 directly, by investigating how PSTs’ experiences, along 
with changes in their MKT and beliefs are related to changes in PSTs’ noticing of students’ math 
thinking. 
How are PSTs’ Experiences with Teaching and Learning Math Related to Their Noticing 
at the Start of the Semester?  
PSTs’ experiences as a math student themselves and with observing and teaching math 
may be related to their noticing of students’ math thinking, so I investigated how these factors 
are related to the PSTs’ noticing at the start of the semester. In particular, since PSTs’ MKT is 
statistically associated with their interpretation of students’ thinking, it stands to reason that past 
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math courses and “math achievement”24 may also be associated with their interpretation of 
students’ thinking. Similar to previous sections in this chapter, I first provide an overview of 
these experiences and then discuss how they are related to PSTs’ noticing at the start of the 
methods course. 
 Descriptive statistics: Math teaching and learning experiences. Table 4.15 displays 
the frequencies of PSTs’ experiences in three categories: high school math courses, 
postsecondary level math courses, and experiences teaching math. All data displayed in this table 
were collected on the Start of Semester Questionnaire administered in the first week of the 
course. On the questionnaire, PSTs indicated which math courses they completed in high school 
(see Appendix B). Approximately 30% of the PSTs indicated that they successfully completed at 
least one AP Calculus course. This would signify that these PSTs were likely in an “advanced” 
math track and considered to be traditionally successful in math. As for courses at the 
postsecondary level, 75% of the PSTs had completed the math content course that covered much 
of the same math content addressed during the methods course. Of those 69 PSTs, 20 of them did 
not test out of the Algebra course, meaning that their test score did not “demonstrate knowledge 
of 1.5 units of high school algebra and 1 unit of high school geometry” (“Mathematics (MATH) 
Courses” n.d.). Consequently, they were required to take a remedial math course (or courses) 
before enrolling in the math content course. PSTs were also asked to indicate all of their past 
math teaching experiences.  
 
                                               
24 I use “math achievement” in a traditional sense to mean PSTs who were tracked into higher-
level math courses, therefore completing AP Calculus in high school. Also, the PSTs that were 
required to take remedial math courses before the math content course would be traditionally 




PSTs’ Experiences Learning and Teaching Math at Start of Semester 
Category Variable 
Frequency 
(N = 92) 
High School Courses AP Calculus in High School 28 (30%) 
   
Postsecondary Level 
Courses 
Math Content Course 69 (75%) 
Took Math Course(s) before Content Course 20 (23) % 
Calculus 11 (12%) 
Pursuing a Math Endorsement 4 (4%) 
   
Past Experiences 
Teaching Math 
Past Experiences: Peer Tutor 35 (38%) 
Past Experiences: Classroom Volunteer 43 (47%) 
Past Experiences: Teaching Intern 17 (19%) 
Past Experiences: Tutoring Program 26 (28%) 
Past Experiences: After School Program 26 (28%) 
Past Experiences: Informal Tutoring 9 (10%) 
 
Ordinal regression analysis: How are PSTs’ experiences with teaching and learning 
math related to their noticing at the start of the semester? To determine which factors from 
Table 4.15 were statistically related to PSTs’ noticing, if any, I conducted multiple ordinal 
logistic regression analyses. Initial models included PSTs’ secondary and postsecondary 
coursework and their past experiences with teaching math, as individual predictors of 
interpretation and responding separately (see Tables E.3 and E.4 in Appendix E). The only 
statistically significant predictor was if PSTs were required to take additional math courses 
before the math content course. The model (shown in Table 4.16) indicates that those PSTs who 
did not have to take other math courses before the math content course for elementary teachers 
were 3.78 times more likely to score higher in their interpretation of students’ thinking.25  
                                               
25 When appropriately adjusting the significance value for multiple comparisons, taking math 




Ordinal Regression Results: Math Courses Before Content Course predicting Interpretation at the 
Start of the Semester 
Parameter 
Hypothesis Testing Odds 
Ratio 
95% CI  
Wald Chi-Square DF Lower Upper 
Took math course(s) before content 
course 
5.85* 1 3.78 1.29 11.09 
*p < .05, ** p < .01, *** p < .001 
 
 Since higher MKT scores were also statistically associated with higher interpreting scores 
at the start of the semester, I conducted a point-biserial correlation to determine if taking a math 
course before the content course was correlated with PSTs’ MKT scores. This correlation is 
appropriate since one variable is continuous (MKT score) and the other is dichotomous (took 
math a course before the content course) (Sheskin, 2011). There was a statistically significant 
correlation between PSTs’ MKT score and if they took a math content course before the content 
course, rpb (92) = -.285, p = .006. The correlation indicates a small negative correlation, meaning 
that the PSTs who took math courses before the content course tended to have lower MKT 
scores. However, it is notable that PSTs that would traditionally be considered to be “strong” in 
math (having taken AP Calculus in high school, or completing university-level Calculus 
courses), nor the PSTs who had already completed the content course were not more likely score 
higher in their interpretation of students’ thinking.  
How are PSTs’ Practicum Experiences Related to their Noticing at the End of the 
Semester?  
Similar to how I investigated the relationship between experiences from the start of the 
semester, in this section I present descriptive statistics from the End of Semester Questionnaire 
                                               
However, the purpose of this analysis is to identify which factors should be included in the final 
model to address RQ3, and I am erring on the side of inclusion.  
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about PSTs’ experiences in their practicum. Then, I present the findings from ordinal regression 
analyses. As with the analysis looking at experiences at the start of the semester and PSTs’ 
noticing, I address PSTs’ practicum experiences in relation to their noticing to identify which 
experience factors should be included in the overall model investigated in RQ3.  
 Descriptive statistics: Practicum experiences. Table 4.17 presents the results from the 
End of Semester Questionnaire about PSTs’ experiences in their practicum placement. As 
discussed in the Methods Chapter, PSTs were enrolled in a practicum experience in local 
elementary schools at the same time as the methods course in this study. Due to the realities of 
their practicum placements, PSTs had a variety of experiences observing and teaching math. 
Since they were at their placement at the same time and day every week, they often observed and 
taught whatever subject was covered at that time in the schedule. Consequently, as Table 4.17 
demonstrates, 14% of the PSTs never observed math instruction in their practicum, while almost 
44% observed math instruction every day.26 While in their placement, many PSTs had the 
opportunity to provide one-on-one or small group instruction, often with classroom pull-outs or 
as a part of centers in the classroom. Twenty-five percent of the PSTs provided one-on-one or 
small group math instruction to students nearly every day, with 40% occasionally doing this, and 
15% never providing this type of instruction. PSTs were also required to teach two lessons as a 
requirement for the practicum placement, with 11% teaching both lessons in math and nearly 
50% not teaching either of their lessons on a math concept.  
 
 
                                               
26 Some of the PSTs did not have the opportunity to observe math instruction due to schedule 
constraints in their placement classroom but sought opportunities to observe math instruction in 
other classrooms at their placement school. 
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Table 4.17 
PSTs’ Experiences Observing and Teaching Math in Practicum 
Variable Response 
Frequency 
(N = 92) 
Observe math instruction in practicum 
Never 13 (14%) 
Once or twice 21 (23%) 
Occasionally 18 (20%) 
Every day 40 (44%) 
   
Provided one-on-one or group math 
instruction during practicum 
Never 14 (15%) 
Once or twice 18 (20%) 
Occasionally 37 (40%) 
Every day 23 (25%) 
   
Practicum Math Lesson 
None 45 (49%) 
One 37 (40%) 
Both 10 (11%) 
   
Responsible for Math Lesson Apart from 
Practicum Requirements 
No 53 (58%) 
Yes 39 (42%) 
 
 Ordinal regression analysis: How are PSTs’ practicum experiences related to their 
noticing at the end of the semester? to determine how PSTs’ practicum experiences are related 
to their noticing, I conducted multiple ordinal logistic regression analyses investigating how their 
observation and teaching experiences during practicum predicted their noticing at the end of the 
semester (see Tables E.3 and E.4 in Appendix E). There was only one statistically significant 
model. This model, shown in Table 4.18, indicates a statistically significant relationship between 
how frequently PSTs observed math instruction in their math classroom and their interpretation 
of students’ thinking. For this model, only never observing math instruction was statistically 
associated with PSTs’ interpretation. PSTs who never observed math instruction were 27% less 
likely to score higher in interpretation than PSTs who observed math instruction every day. This 
means that those who observed math instruction every day were more than three and a half times 
more likely to score higher in their level of interpretation at the end of the semester. Similar to 
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the experiences model at the start of the semester, when I adjusted for multiple comparisons, the 
model in Table 4.18 is no longer statistically significant. However, since the purpose of this 
analysis is to determine which factors may generously be included in the final model for further 
examination, I used the traditional p-value of 0.05 to indicate significance.  
Table 4.18 
Ordinal Regression Results: Frequency of PSTs’ Math Instruction Observations Predicting 
Interpretation at the End of the Semester 
Parameter 
Hypothesis Testing Odds 
Ratio 
95% CI  
Wald Chi-
Square 
DF Lower Upper 
Never observed math instruction  4.479* 1 .271 .081 .908 
Observed math instruction once or twice 1.69 1 1.740 .638 4.746 
Observed math instruction occasionally .569 1 1.496 .525 4.261 
Note. Observing math instruction nearly every day in practicum was the reference category, 
which means that the odds ratios for all other categories are comparing to PSTs’ in that category. 
*p < .05, ** p < .01, *** p < .001 
 
 Since MKT was also statistically related to PSTs’ interpretation scores at the end of the 
semester, I investigated the correlation between PSTs’ experiences observing math instruction in 
their practicum and the MKT scores. Since the observation of math instruction variable is 
multinomial and MKT scores are continuous, it was appropriate to use the partial eta-squared, 
which is the proportion of variance in a continuous variable is associated with the multinomial 
variable (Laerd Statistics, n.d.). In this case, η2 = .081. This means that approximately 8% of the 
variance in MKT is associated with PSTs’ observation of math instruction during their 
practicum.  
Ordinal Regression Analysis: What is the Relative Contribution of PSTs’ Increased MKT, 
Beliefs, and Experiences to Increases in Noticing?  
To answer this third research question (RQ3), I first identified the factors that were 
statistically significant in predicting PSTs’ interpretation of and responding to students’ math 
thinking. I conducted these analyses separately as discussed below.  
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Ordinal regression analysis: What is the relative contribution of PSTs’ increased 
MKT, beliefs, and experiences to increases in interpretation? The analyses reported 
throughout this chapter indicate that four variables could predict PSTs’ interpretation of students’ 
math thinking: MKT, experiences with noticing (focal or comparison section), taking a math 
course before the content course, and the frequency of math observations during the practicum. 
Table 4.19 displays the Wald Chi-Square values for all parameters in a series of ordinal 
regression models that I ran to predict changes in interpretation. It was necessary to include the 
interaction of the predictor with the PSTs’ section given the differences in experiences with 
noticing in the sections. Before including the interaction, I ran ordinal regression models to 
identify which predictors should be included with interaction. Model 1 was not close to being 
statistically significant, so I ran a second model where I removed the least significant factor from 
Model 1, taking math courses before the content course. Model 2 was still not close to 
significant, so I again removed the least significant predictor, observing math in instruction in the 
practicum placement. Model 3 was statistically significant, and consequently the interaction 
between change in MKT and section was included for Model 4.  
Table 4.19 
Parameter Estimates for Ordinal Regression Analysis of Changes in Interpretation Scores over 
Semester27 
Parameter Model 1 Model 2 Model 3* Model 4** 
Focal Section 3.93* 5.09* 5.63* .39 
Change in MKT 1.66 1.71 1.78 6.53* 
Never observed math instruction  .18 .16   
Observed math instruction once or twice 1.00 .92   
Observed math instruction occasionally .178 .60   
Took math course(s) before content course .04    
Interaction of Focal and Change in MKT    5.46* 
*p < .05, ** p < .01, *** p < .001 
                                               
27 I ran the model with interpreting scores at the start of the semester as a predictor, and all 
variables of interest were approximately the same value. For ease of interpretation, I excluded 
this variable from the model. 
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 Model 3 and 4 were both statistically significant. To select the best model to fit the data, I 
evaluated both Model 3 and 4, given their statistical significance. Model 3 is significant with a p-
value of .016, and Model 4 has a p-value of .002. Although pseudo r-squared values are not 
nearly as precise for ordinal regression model as non-ordinal regression models, they do provide 
some insight on the model fit (Garson, 2014; Laerd Statistics, n.d.). Model 4’s pseudo r-squared 
values (Cox & Snell, Nagelkerke, and McFadden) were close to double the values for Model 3. 
Which means that Model 4 predicts almost twice as much variance in change in the PSTs’ 
interpretation compared to Model 3, indicating that Model 4 is the best fit.  This was the same 
model described earlier in the chapter, in Table 4.9 and Figure 4.4. This means that growth in 
MKT, particularly in the focal section, was the only statistically significant predictor of growth 
in PSTs’ interpretation of students’ mathematical thinking. 
Ordinal regression analysis: What is the relative contribution of PSTs’ increased 
MKT, beliefs, and experiences to increases in responding? Since none of the experience 
variables were statistically associated with PSTs’ responding to students’ thinking, there were no 
additional factors to add to models investigating PSTs’ growth in responding over the semester. 
While the Classroom Discourse factor was predictive of PSTs’ responding at the end of the 
semester, as Table 4.14 demonstrated, changes in these beliefs over the semester did not relate to 
changes in responding. As discussed previously, statistical relationships were likely difficult to 
detect due to the ceiling effect on all factors. Additionally, as I will discuss in Chapter 5, the 
nature of the responding prompt likely impacted these results. As opposed to the interpretation 
prompts in the noticing activity, which could authentically replicate what takes place in a 
classroom, the PSTs were forced to ask the student a question in the responding prompt. In a 
classroom situation, it is likely that many of the PSTs would choose not to ask the student a 
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question. Therefore, by requiring a question, the artificial scenario may influence the ability to 
identify relationships with factors that influence PST’s response.   
Summary of Chapter 4 
 In Chapter 4, I examined the statistical relationships among elementary PSTs’ MKT, 
beliefs about the role of children’s thinking in math teaching, and experiences and their 
interpretation and response to students’ mathematical thinking. First, I investigated the 
relationship between PSTs’ interpretation of students’ thinking and response to students’ 
thinking. As demonstrated in Tables 4.3 and 4.4, overall, higher interpretation scores were 
predictive of higher responding scores. Specifically, PSTs who scored in the highest level of 
interpretation, always28 responded to students’ thinking with a question that considered students’ 
math thinking (rated above a Level 0). 
 Next, I answered RQ1 a and b by investigating the relationship between PSTs’ MKT 
scores and their levels of noticing students’ math thinking at the start and end of the semester. 
Table 4.6 identifies the statistically significant association between PSTs’ MKT scores and their 
level of interpretation at the start and end of the semester. This relationship is exemplified 
through the boxplots displayed in Figure 4.1, which show that PSTs’ MKT scores increased with 
each level of interpretation at the start and end of the semester. Furthermore, Table 4.9 
demonstrates that growth in PSTs’ MKT predicted growth in interpretation, especially in the 
focal section. Investigating this relationship further showed that this relationship is only true in 
the focal section. However, the model including both the comparison and focal section (Table 
4.9) highlights that being in the focal section alone does not predict changes in interpretation. 
                                               
28 Aside from one respondent, who stated that she would not ask a question.  
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These results indicate that for those that grew in their MKT, they had a higher likelihood of 
growing in their level of interpretation when in the focal section.  
 To address RQ2a and b, I examined the relationship between PSTs’ beliefs about the role 
of children’s thinking in math teaching, as measured by their Likert responses, and their noticing 
of students’ math thinking at the start and end of the semester. The only statistically significant 
relationship was between PSTs’ mean score on the Classroom Discourse Factor and their 
response to students’ thinking at the end of the semester, as shown in Table 4.11. However, the 
evidence presented in this chapter, such as in Figures 4.5, 4.6, and 4.7, indicates that the nature 
of the Likert scale may have been a limiting factor in detecting statistical relationships between 
PSTs’ beliefs and their noticing. This is a limitation to these analyses that will be discussed at 
length in Chapters 5 and 6. 
 Finally, to answer RQ3, I began by examining the relationship between PSTs’ 
experiences taking math courses and observing and teaching math and their noticing at the start 
and end of the semester. These analyses identified two experiences to be included in the larger 
model predicting changes in noticing. First, students who performed poorly on the math 
placement test and therefore were required to take additional math courses before the math 
content course were significantly less likely to score higher in their interpretation at the start of 
the semester. At the end of the semester, not having the opportunity to observe math instruction 
in their practicum placement was associated with PSTs’ level of interpretation. However, neither 
of these statistically significant factors accounted for the change in PSTs’ noticing over the 
semester. Table 4.18 shows a series of models investigating factors related to changes in 
interpretation. This table shows that the model that best predicted changes in interpretation was 
the same model discussed in Table 4.9. This model indicates growth in MKT corresponds with 
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growth in the level of interpreting, especially within the focal section. None of the factors 
measured in these analyses were statistically associated with change in the level of responding to 
students’ thinking.   
 In sum, the quantitative analyses presented in this chapter provided insight into how 
PSTs’ MKT, beliefs, and experiences are related to their noticing of students’ thinking. 
However, some of these analyses also raised additional questions. With the mixed methods 
design of this study, the statistical findings are used to select areas for further exploration with 
qualitative analyses. In particular, the results presented in Chapter 4 raised two questions that I 
address in the following chapter. Specifically, I examine (1) why was growth in MKT associated 
with growth in interpretation primarily in the focal section?  And (2) why were PSTs’ beliefs 
only a weak predictor, at best, of their noticing of students’ thinking?  In answering these 
questions, I aim to shed light on the statistical results presented in Chapter 4 by clarifying and 
contextualizing the relationships among PSTs’ MKT, beliefs, and experiences and their noticing 
of students’ math thinking in Chapter 5.  
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CHAPTER 5: QUALITATIVE FINDINGS 
 
 In the previous Chapter, I presented results from quantitative analyses investigating the 
relationships among elementary PSTs’ MKT, beliefs, and experiences related to their noticing of 
students’ math thinking about fractions. These analyses indicated that PSTs’ MKT was 
statistically related to their interpretation of students’ thinking, with PSTs who grew in their 
MKT being more likely to make gains in their interpretation. This was primarily true in the focal 
section, which had more experiences engaging in noticing activities over the semester. 
Additionally, while the nature of the Likert scale items limited the ability to detect statistical 
significance, there was some indication of a relationship between PSTs’ beliefs and their 
response to students’ thinking. These findings provided insights into overall trends of how these 
factors were related to the PSTs’ interpretation of and response to students’ thinking. However, 
the statistical analyses are limited in illuminating the nature of the relationship among these 
factors and PSTs’ noticing of students’ thinking about fractions and leave some questions about 
these relationships unanswered. As was intended with the mixed methods design, the statistical 
analyses presented in Chapter 4 guide the direction and focus of the qualitative analyses.  
In this chapter, I address the remaining two research questions, RQ 1c and RQ 2c. RQ1c 
asks, how does the nature of PSTs’ noticing of students’ thinking about fractions relate to their 
MKT? RQ 2c is similar; how does the nature of PSTs’ noticing of students’ thinking about 
fractions relate to their beliefs about the role of children’s thinking in math teaching?  In the 
study design, these two questions were intended to be “big picture” questions that were broad 
enough to be addressed through more specific questions that were responsive to the patterns 
identified in Chapter 4. I address the research questions by considering two more specific, 
guiding questions that stem from the quantitative results presented in the previous chapter. These 
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guiding questions aim to get under the statistical results and probe how the nature of the PSTs’ 
noticing is related to their MKT and beliefs.29 
1. Why was growth in MKT associated with growth in interpretation primarily in the focal 
section? (RQ 1c) 
2. Why were PSTs’ beliefs only a weak predictor, at best, of their noticing of students’ 
thinking? (RQ 2c) 
 
I draw from multiple qualitative sources to answer these guiding questions, including the PSTs’ 
responses to the Start and End of Semester Questionnaires, Situational Beliefs Instrument (SBI), 
interviews, and group discussions of the Pattern Block Video. I address the guiding questions, 
drawing from these data to the extent possible, and ultimately acknowledge which findings may 
be limited by available data. These analyses provide a more complete picture of the complicated 
connection among PSTs’ MKT, beliefs, and noticing of students’ math thinking than is evident 
when only considering the statistical findings from Chapter 4. 
Guiding Question 1: Why was Growth in MKT Associated with  
Growth in Interpretation Primarily in the Focal Section? 
As described in the Methods Chapter, the instructors of the four sections of the methods 
course collaboratively planned and addressed roughly the same content each week. The three 
instructors co-created the assignments, assessments, and weekly PowerPoints that guided 
classroom instruction. Aside from the instructor, the main difference between the focal and 
comparison sections was the additional noticing activities the focal section participated in over 
the semester, which included: (1) two additional in-class videos (one covering whole number 
operations, and the other fraction multiplication) and (2) an out-of-class video observation 
assignment.  
                                               
29 The Research Questions listed in parentheses indicate which Research Question the guiding 
question addresses.   
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For the in-class video activities, PSTs watched a short video of students working on a 
mathematical task and were asked to respond to the prompts that corresponded to the three 
components of noticing students’ mathematical thinking from Chapter 3. These activities were 
structured similarly to the Pattern Block Video activity that was used to assess PSTs’ noticing at 
the beginning and end of the semester. The PSTs discussed their responses in groups, and their 
conversations were audio recorded. These two activities were intended to capture how the PSTs’ 
noticing changed over the semester, not necessarily as an intervention for the PSTs to learn how 
to notice students’ thinking. However, repeatedly participating in and discussing students’ 
thinking during the noticing activities allowed the PSTs to practice noticing in ways their peers 
in the comparison sections did not experience.  
The out-of-class video observation assignment required PSTs to watch four short lesson 
videos30 and respond to questions about the teacher’s implementation of a lesson on fraction 
multiplication in a problem-based context (See Appendix C). Since 43% of the PSTs in the focal 
section never observed math instruction in their placements, a video assignment was preferable 
to a practicum-based observation. Additionally, some of the PSTs who were able to observe 
math were in traditional math instruction classrooms, where it would be challenging to observe 
students’ math thinking since students did not often have the opportunity to engage with math 
concepts beyond memorization. Finally, the video standardized the assignment and allowed 
PSTs to rewind and re-watch as needed, which can make it easier to analyze students’ thinking.   
In Chapter 4, I presented findings from an ordinal regression model demonstrating that 
PSTs who grew in their MKT over the semester were more likely to also grow in their 
                                               
30 The videos were from the Everyday Mathematics Virtual Learning Community and ranged 
from 3:15 to 6:15 minutes. 
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interpretation of students’ thinking, primarily in the focal section (see Table 4.19). The 
interaction of being in the focal section and changes in MKT was a statistically significant 
predictor of changes in interpretation but being in the focal section alone was not. This indicates 
that PSTs in the focal section who grew in their MKT were more likely to grow in their level of 
interpretation compared to their peers with similar MKT growth in the comparison sections, or to 
peers in their section who did not grow in MKT. When running the focal and comparison 
sections as separate ordinal regressions, the relationship between PSTs’ growth in MKT and their 
growth in interpretation was only statistically significant for the focal section, not the comparison 
section.31 This result naturally begs the question, why does growth in PSTs’ MKT correspond 
with growth in interpretation only in the focal section?  
In the previous chapter, I offered a few hypotheses to explain this result. First, as the 
focal section instructor, my authority and relationship with my students may have influenced the 
PSTs in the focal section to put forth more effort on the assessments than their peers in the 
comparison sections. Indeed, PSTs in the focal section interpreted the student’s thinking at a 
higher level by the end of the semester (Table 4.8). However, if PSTs in the focal section simply 
exerted more effort on their noticing assessment, then one would expect that being in the focal 
section alone would be predictive of growth in interpretation in the final model. Additionally, 
PSTs’ gains in MKT over the semester were statistically similar between sections. If the PSTs in 
the focal simply tried harder, then they would have likely scored higher across all measures. 
Alternatively, PSTs in the focal section could have been better able to leverage their MKT in 
interpreting students’ thinking given the additional noticing activities over the semester.  
                                               
31 PSTs’ MKT in the comparison section was statistically associated with their interpretation 
scores at the start and end of the semester, but growth in MKT did not necessarily correspond 
with growth in interpretation.  
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In the sub-sections below, I aim to clarify if the statistical relationship between growth in 
MKT and growth in interpretation in the focal section was mostly due to my influence on the 
focal section as the instructor or if the additional noticing activities may have contributed to 
PSTs’ growth in interpretation. I investigate three related data sources. First, in Guiding Question 
1.1 (GQ 1.1), I look at how PSTs in the focal section grew in their MKT in relation to their group 
discussions of the Pattern Block Video at the start and end of the semester. Next, I present two 
cases of PSTs that demonstrated large changes in their MKT over the semester (GQ 1.2). With 
these cases, I unpack how the noticing activities may have been related to their changes in MKT 
and interpretation. Finally, I highlight how PSTs in the focal and comparison sections responded 
to the End of Semester Questionnaire differently (GQ 1.3).  
GQ 1.1: Pattern Block Video Group Discussions  
The analyses discussed in this section illustrate how PSTs’ growth in MKT was related to 
changes in their discussions of the Pattern Block Video in the focal section. By understanding 
how PSTs’ discussions changed over the semester in relation to their MKT, it demonstrates what 
it meant for PSTs to increase in their interpretation as well as provides an understanding of the 
strength of the relationship. I present the results of the coding described in the Methods Chapter 
and then provide examples of group discussions to illustrate how PSTs’ conversations changed 
as their MKT grew.  
Trends in PSTs’ Pattern Block Video group discussions. As described previously, 
after responding to the written prompts for the Pattern Block Video, the PSTs discussed their 
responses with their group at the start and end of the semester. PSTs chose their group on the 
 130 
first day of class and were placed in the same group at the end of the semester.32 I calculated the 
mean change in PSTs’ MKT scores for the six groups by adding each group member’s change in 
MKT over the semester then dividing by the number of PSTs in the group. The groups had a 
mean change of 0, 1.5, 2.5, 2.75, 3.7, and 6.3, which were categorized as No, Small, Medium, 
and Large Changes in MKT.33 As described in the Methods Chapter, to understand how these 
conversations shifted, I categorized PSTs’ statements into one of four codes: Attending to 
Student Actions, Interpreting Student Thinking, Categorizing Student Characteristics, and 
Connecting to Personal Math Thinking.34 Attending to Student Actions and Interpreting Student 
Thinking were categorized as either broad or specific based on the specificity of the comment to 
the student in the video. 
 Content of the discussions. The graphs in Figure 5.1 represent the proportion of each 
theme in the PSTs’ discussions of the Pattern Block Video. This visualization allows for easy 
comparison between groups regardless of the length of the discussion and highlights how the 
nature of conversations change from the start to the end of the semester. Three groups were 
classified as a Medium Change group. For these groups, I calculated the mean frequency for 
each theme, and those proportions are reported in Figure 5.1. Since PSTs’ Attending to Student 
Actions and Interpreting Student Thinking were combined for the quantitative analyses presented 
in Chapter 4, they are indicated with different shades of purple in Figure 5.1.  
  
                                               
32 There was one PST at the start of the semester and two at the end of the semester that were 
absent the day of the group discussion and consequently did not participate in the activity.   
33 The groups fell into categories in relation to the mean change in MKT over the semester, 
which was 2 points. (0 = No Change, 0 < D £ 2 = Small Change, 2 < D £ 4 = Medium Change, 
and 4 < D = Large Change).  







































 Attending to Student Actions  Interpreting Student Thinking 
    
 Categorizing Student Characteristics  Connecting to Personal Math Thinking 
 
Figure 5.1. Topics of groups’ conversations at the start and end of the semester by group 
changes in MKT  
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All groups, regardless of their changes in MKT, showed a decrease in the proportion of 
their discussion that was spent Categorizing Student Characteristics and Connecting to Personal 
Math Thinking. Correspondingly, the proportion of the discussion dedicated to Attending to 
Student Actions and Interpreting Student Thinking increased. The group with no change in MKT 
had the highest mean MKT at the start of the semester and the second highest mean MKT at the 
end of the semester, and their conversation consistently focused on the student’s actions and 
thinking. However, this group was unusual since only two out of the four members discussed the 
video, each speaking once at the end of the semester. At a little over a minute long, it was also 
the shortest conversation of any group by far.35 Given these peculiarities compared to the other 
groups, it is necessary to be mindful when drawing conclusions involving the group with no 
change in MKT. The groups with the largest changes in MKT (Medium and Large Change), 
demonstrated notable growth in the amount of the conversation dedicated to interpreting 
students’ thinking. This is especially noteworthy when compared to the Small Change group, 
which had smaller growth in the proportion of the discussion dedicated to attention to and 
interpretation of the student’s thinking.  
Quality of the discussions. Changes in group conversation were not only evident in what 
was being discussed, but also in the ways that PSTs talked about students’ math thinking. Figure 
5.2 displays changes in the PTSs’ level of specificity when discussing the student’s actions and 
their interpretation of those actions over the semester. The broad statements are represented by 
shades of blue, and the two shades of red represent the proportion of specific statements.  
  
                                               











































     
 
Attending: Broad       Attending: Specific 
 
    
 
Interpreting: Broad    Interpreting: Specific 
 
 
Figure 5.2. Level of specificity in PSTs’ group discussions when attending and interpreting 
students’ math thinking at the start and end of the semester.  
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As evident in Figure 5.2, the most notable changes occurred in groups with larger 
changes in MKT (Medium and Large Change). These groups’ discussions shifted from being 
almost entirely broad descriptions of the student’s actions and interpretation of the student’s 
thinking to being mostly specific comments. In particular, both sets of groups had no specific 
comments about Interpreting Student Thinking (dark red) at the start of the semester. By the end 
of the semester, specific statements about Interpreting Student Thinking made up the largest 
proportion of their comments about students’ thinking. This demonstrates that not only did the 
groups with greater growth in MKT demonstrate that their conversations included more 
interpretation of student’s thinking by the end of the semester, but that their comments were 
more specific and detailed.   
 Examples of Pattern Block Video group discussions. To exemplify the changes in 
content and specificity in the PSTs’ discussion, I share a portion of three groups’ discussions: the 
Small and Large Change group, and one of the Medium Change groups.36 These discussions 
highlight how the overall tenor of the conversation shifted while showing how individual PSTs’ 
contributions to the conversation also changed. I first present each group and then summarize 
what is learned from these discussions collectively.  
Figure 5.3 displays a portion of the discussions at the start and end of the semester for the 
Small Change group. The group had a net change of four points in MKT, averaging to a one-
point change for each group member. Overall, the conversation did not substantially change from 
the start to the end of the semester. Heidi37 and Hope, who did not demonstrate growth in their 
MKT assessment, were remarkably consistent in their evaluation of the student’s understanding 
                                               
36 This particular group was selected because it was the only medium change group that had all 
of the same participants at the start and end of the semester.  
37 All names are pseudonyms.  
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from the start to the end of the semester. Rena grew three points in her MKT, from 6 to 9 points, 
which put her MKT on the lower end of the MKT measure compared to her peers and her 
comments did not change in their specificity. Michelle does change in the specificity of her 





















Figure 5.3. Small Change in MKT group’s discussion of the Pattern Block Video at the start and 
end of the semester.  
 
Figure 5.4 shows portions of a Medium Change group’s discussion at the start and end of 
the semester. All group members had comparable gains in the MKT over the semester, with an 
average gain of 3.7 points in the MKT assessment. At the start of the semester, everyone spoke 
broadly about the students’ understanding of math and fractions, without using specifics or 
making connections between her actions and thinking. Additionally, at the start of the semester, 
the group is evaluative of the student, with every PST commenting that they are proud of her and 
her thinking. This is in contrast to the end of the semester, where each PST provides a more 
Heidi 
MKT -1 
(13 to 12) 
Rena 
MKT +3 
(6 to 9) 
Michelle 
MKT +4  
(11 to 15) 
Hope 
MKT +0  
(10 to 10) 
Start of Semester 
 
Rena: Well the girl clearly understood. I mean 
we can’t really tell her full honest attempt at the 
problem. We don’t know if she is just saying 
what her teacher taught her. But based on what 
we saw, she clearly understood what to do. 
 
Heidi: It looked to me that she knew that you 
had to find a common denominator. She never 
said that, but she made her shape fit all the other 
shapes she was using, which is the denominator.  
 
Michelle: It seemed like she had a very concrete 
understanding. She understands when she can 
physically see it, like has to have a picture in her 
head. 
 
Hope: She automatically knew that two 
rhombuses fit into a hexagon, she didn’t even 
have to think about it.  
End of Semester 
 
Hope: She recognized how to do the 
problem immediately. She grabbed a 
whole and broke it into smaller 
parts.  
 
Heidi: She never said anything 
about finding a common 
denominator. I think she knew, but 
I’m not 100% sure. 
 
Michelle: Yeah, I saw the same 
thing about how she was finding the 
common denominator, but she 
wasn’t saying it. 
 
Rena: I was confused with why she 
took the shapes she did, but then I 
figured it out myself. She can 
explain her thought process a little 
bit better, it wasn’t always clear. 
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specific description of what the student in the video did as well as what that meant for her 
understanding. The tenor of the conversation shifts to be less about who the student is, and more 















Figure 5.4. One Medium Change group’s discussion of the Pattern Block Video at the start 
and end of the semester.  
 
Figure 5.5 shows portions of the discussions from the Large Change group, with mean 
MKT gain of 6.2 points. Similar to the Medium Change, at the start of the semester, this group’s 
Rashida 
MKT +3  
(7 to10) 
Abby 
MKT +5  
(6 to11) 
Courtney 
MKT +3  
(10 to 13) 
Start of Semester 
 
Abby: Well, she seemed to like, to me, the 
first thing she did was instantly try to 
visualize. She used the shapes they’d been 
given in class to solve the problem. She was 
using the materials that she had. 
 
Courtney: I was really proud of her. I think 
she did awesome. I think she could’ve done 
the problem without the shapes. Cause I 
know whenever you talk about her process, 
the steps of learning, the highest one’s when 
you teach it to someone else. So, I actually 
think that was really awesome of her. She 
saw that opportunity to do that cause now, 
not only was she able to go step by step and 
probably solve the problem faster, but she 
had the comprehension. 
 
Abby: Yeah, she was teaching someone 
else, which is great. I’m proud. 
 
Rashida: See, at first when I watched the 
video, I was confused. Because we’re used 
to doing math a different way, you know, 
write it down. But I’m’ like, I’m proud that 
she got the shapes. You do have to break 
down each step, because you want to make 
sure it makes sense. I think she was checking 
her answer as she was going forward. And 
her classmate was helping her by agreeing.   
End of Semester 
 
Courtney: She could explain it to 
her. And she used different shapes to 
have them represent the different 
parts of the fractions. She understood 
it. She had the hexagon as her base. 
She put two rhombuses together and 
equaled that….  
 
Abby: (interjecting) Yeah, and I 
think that means she has an 
understanding of what part is equal 
to which. What is the whole. What 
parts are equal to what parts.  
 
Courtney: Yeah.  
 
Abby: Yeah. She knew that three 
rhombuses for one hexagon. That 
she needed two triangles for a 
rhombus.   
  
Rashida: I think she did well 
because I guess that’s what the 
manipulatives are for, you know? If 
you can’t really think about it in 
your mind, you need to see what 
you’re doing. And she correctly 
represented the fraction with pieces. 
She could break it down into the 
right pieces. It was two-thirds and 
one-sixth, right?  
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conversation contained generally vague comments regarding the student’s actions and 
understanding and was evaluative of the student. Deanna, who had the largest change in MKT 
over the semester of any participant in the entire study (a gain of 12 points), had the most notable 
change in her analysis of the student’s thinking. Her comments changed from a vague 
generalization of the way the student learned to fairly specific comments connecting the 
students’ actions to her understanding of specific fraction concepts. While Karina had a smaller 
gain in her MKT score, her analysis also shifted. Her analysis at the end of the semester was not 
as detailed as Deanna, but it did move from a more negative view of student’s thinking as 





















Figure 5.5. Large Change group’s discussion of the Pattern Block Video at the start and end of 
the semester. 
 
The shifts in these groups’ conversations demonstrate how groups with larger changes in 
their MKT demonstrated more growth in their discussion of the student’s thinking and math 
Deanna 
MKT +12 
(9 to 21) 
Claire 
MKT +2 
(13 to 15) 
Karina 
MKT +3  
(8 to11) 
Harper 
MKT +8  
(7 to 15) 
Start of Semester 
 
Claire: She used the shapes to see the 
fractions, which I thought was 
interesting. When I looked at the 
problem, I automatically started doing 
it in my head and I didn’t think about 
how you could do it with shapes. 
 
Deanna: I learned that she was a 
visual learner, so she used shapes.  
 
Karina: I think that she seems really 
inefficient. She took way longer by 
using the rhombuses and triangles, 
when she could have just used 
triangles to start with.  
 
Harper: Yeah, she was very step-by-
step. 
End of Semester 
 
Claire: She recognized that a hexagon 
could fit three rhombuses, but she only 
needed two, not all of the triangles. 
 
Deanna: She also was able to understand 
the hexagon as a whole. And what you 
said about that she only needed two 
rhombuses, so she had an understanding 
of proportions of the shapes. 
  
Harper: Yeah, I think she did a good job 
explaining using shapes. She didn’t take 
out more shapes, just the two for the two 
thirds. She knew what she needed. 
 
Karina: I think she already knew how to 
do the problem, she was just using the 
shapes to explain to her friend. 
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understanding, both in relation to the content of the discussion and the depth of analysis. The 
Small Change group had very similar conversations at the start and end of the semester, while 
the Medium and High change groups had markedly different conversations that were less 
evaluative and more specific about the student’s math thinking. Furthermore, the Small Change 
(Figure 5.3) and Medium Change (Figure 5.4) groups had similar mean MKT scores at the end of 
the semester (11.5 and 11.3 respectively). However, the Medium Change group, which grew 
more in their MKT from the start of the semester, had a discussion at the end of the semester that 
was more centered on the student’s thinking and was more specific. This provides further 
evidence that it was not simply that groups with higher MKT had discussions that were more 
centered around the student’s mathematical thinking, but that the change in MKT corresponded 
with a shift in conversations, with notable changes in the topic and specificity of their discussion 
compared to the Small Change group. Additionally, two PSTs with lower MKT, Rena (from 
Figure 5.3) and Rashida (from Figure 5.4), explicitly stated that they did not understand what the 
student was doing. Other PSTs with lower MKT tended to be more vague in their descriptions 
overall, possibly opting for broader language about the student since they were unsure what she 
was doing. As discussed previously, only the focal section had such discussions after the Pattern 
Block Video, so I cannot compare how these conversations may have differed with PSTs who 
did not participate in noticing activities over the semester. As such, while this analysis 
illuminates how growth in MKT may have enabled PSTs to be able to better interpret students’ 
thinking, it alone cannot answer why this relationship existed primarily in the focal section. The 
following sections address the potential impact of the noticing activities on PSTs’ noticing of 
students’ thinking.   
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GQ 1.2: Cases of PSTs’ Impressions of the Noticing Activities 
Given the relationship between growth in MKT and growth in interpretation, this section 
presents two cases highlighting PSTs with large changes in MKT over the semester. I draw from 
their interviews in the last week of the semester and their responses to the End of Semester 
Questionnaire to examine how the noticing activities may have impacted their noticing of 
students’ thinking.  
Sarah. Sarah had one of the largest changes in MKT over the semester, moving from two 
standard deviations below the mean at the start of the semester to almost one standard deviation 
above the mean at the end of the semester. In her interview, she described her change in 
knowledge, particularly in relation to fractions in the following conversation:  
Interviewer: Do you think that your understanding of fractions has changed over the 
semester? 
Sarah: Yeah, definitely. Even from when we took the ... what was it? 103 or whatever 
the other math class.38 Even when we took that, I remember doing fractions and I was so 
confused. They taught the “brownie pan method,” the different pictures, and shading and 
stuff. And I think they went through too fast, so I just wasn’t really understanding what 
the shading was representing. We spend a lot more time on it in this class, and I 
understood why we were actually doing it besides just trying to do a visual 
representation. I actually understood what it was representing, which I think helped a lot. 
It’s interesting because going into fractions I thought I was strong in it because ... This is 
so random, but I remember in third grade or something, we were doing the fractions unit 
and that was the one unit that I got to go to the high-level math class, and we got to go to 
a different room. I never got picked for that math class in any other unit. So, then I kind 
of always just assumed, “Yeah, I’m good at fractions.” But I think I just thought that 
because of that one year, I didn’t necessarily have a strong understanding of it, I was just 
like, “Oh yeah, I got picked that one time.” So now I know what I’m doing. This class 
definitely helped me actually understand more conceptually and not just the equations 
like in the past. I mean, that’s the point of everything we did, but I think it is very true 
that we really more learned the procedures of solving different fraction problems. I’m a 
big visual person, so learning in this way definitely helped me actually understand what 
we’re doing when you’re multiplying fractions and that stuff. 
 
                                               
38 Sarah is referring to the content course for elementary PSTs. 
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Sarah’s descriptions about her increase in content knowledge, particularly with fractions, are 
consistent with her significant increase in the MKT fractions assessment. With one of the largest 
gains in the MKT assessment of all study participants, Sarah grew substantially in her conceptual 
understanding of fraction concepts over the semester.  
In her interview, Sarah was not asked about the noticing activities,39 but she did mention 
the video observation assignment in response to the End of Semester Questionnaire question 
about how her observation of students working in math changed over the semester. She said: 
I am able to see multiple ways of solving problems, and I can more easily identify what a 
student is likely doing in their head by looking at their work. The video observation really 
helped me with this new skill I have. 
 
Sarah described how her observation of students changed since she was better able to understand 
what students are thinking. The question itself did not mention the out-of-class video observation 
assignment or noticing activities, so the fact that Sarah brought up the video observation 
assignment on her own is telling that she found the assignment to be particularly impactful. 
While the evidence is limited, it is possible that due to Sarah’s large gains in MKT over the 
semester, she may have been better able to understand the fraction concepts, and consequently 
better able to interpret students’ thinking. The video observation assignment helped Sarah with 
her “new skill” over the semester. Possibly, as her knowledge and consequent ability to interpret 
what students were doing increased, the video observation assignment gave her the opportunity 
to identify that she was capable of understanding students’ math thinking.  
                                               
39 The interview protocol had intended to ask each PST about their impressions of the noticing 
activities, but given time constraints, not all participants were asked this question.  
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Harper. At the start of the semester, Harper was about one standard deviation below the 
mean MKT score, and at the end of the semester, she was about one standard deviation above the 
mean MKT score. Below is a portion of her interview at the end of the semester: 
Interviewer: If you had a student with a solution you hadn’t thought of previously, would 
you be uncomfortable?  
Harper: No, I wouldn’t. It’s important to listen to your student’s ideas…to listen and 
learn from them. That’s something I learned in this class this semester.  
Interviewer: Do you think that your view on this has changed over the semester? 
Harper: I mean, I’ve always been open-minded. But yeah, I really did learn about the 
importance of listening to your students.  
Interview: Was there a particular activity or discussion that really impacted this?  
Harper: I actually really liked the video observation. Because I got to see a teacher 
teaching math to a whole class. I saw a whole lesson. I think that activity helped me 
really put together all the things we learned. 
Interviewer: What role do you think children’s math thinking should have in your 
teaching decisions? 
Harper: I think it should play a big role. Because in teaching through problem-solving, 
we first give them the problem and they have to sort of figure it out for themselves. They 
work in groups and listen to each other’s ideas. So, I think that the role of the student is 
more important than the teacher, when teaching like this, because they should be the 
problem-solvers and the teacher should be listening.  
 Interviewer: Do you feel like your views on that have changed throughout the semester?  
Harper: I think it did change. I was never really good at math. I thought about how my 
teachers taught me math, and it was basically ... in middle school, I don’t remember 
elementary, but middle school, they would just give me worksheets and we would take 
notes from PowerPoints. It was kind of like I was just listening to the teacher. She was 
just giving me solutions. But I think this class helped me learn a more effective way of 
teaching math that is more about concepts.  
Interviewer: So, you watched videos in class this semester, right? What do you think you 
got from them, if anything?  
Harper: Through the video activities, I think I learned ... The thing that surprised me the 
most was how different children think. I think I was always open-minded, but I really did 
learn about the importance of listening to your students. Like there was this one activity 
when one of the videos, the girl was using these shape tiles to teach her friend how to do 
a problem. And I initially never thought of that idea.  
 
Harper’s interview provides some insight into how her beliefs about the importance of listening 
to students, change in math knowledge, and the noticing activities were interrelated. Before the 
methods course, Harper’s math experiences were traditional, with lecture, worksheets, and 
frequent teacher telling. In this environment, she never felt that she was good at math. However, 
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the methods course expanded her view of ways to teach math, including teaching through 
problem-solving (Van de Walle et al., 2015). In particular, she cited the importance of listening 
to students in such math instruction, even claiming that what students have to say is more 
important than what the teacher does. She credits the video activities with teaching her the 
importance of listening to students during math tasks and brings up the observation assignment 
on her own when asked about if any particular activities or assignments impacted her views 
about the importance of listening to students. Her response about the observation assignment was 
before the interviewer had mentioned any of the video activities in the interview, which indicates 
that the assignment left a strong impression on Harper, particularly in relation to how she viewed 
students’ thinking.  
In her response to an End of Semester Questionnaire question about how her observation 
of students working on math changed over the semester, Harper more explicitly addressed her 
changes in knowledge. She responded:  
I think I have a much better understanding of the different models and strategies students 
can use to solve math problems. I feel more confident observing because I can identify 
more of the different ways students think about problems and now understand various 
explanations or examples I could give them to solve. 
 
Harper described an improved understanding of students’ various methods for approaching math 
problems. Depending on the situation, the knowledge that she describes could be considered 
Pedagogical Content Knowledge or Specialized Content Knowledge in the MKT framework 
(Ball et al., 2008; Hill et al., 2004, 2008). Either way, both of those components are measured in 
the MKT assessment, and therefore corresponds with her increase in her MKT assessment scores 
over the semester and shows that Harper is aware of her growth in this area. It is possible that 
Harper may have been better able to interpret the student’s thinking by a combination of changes 
in some beliefs along with growth in her MKT. As her MKT increased, she felt more confident 
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in her ability to understand what students are thinking. Additionally, Harper described growth in 
her beliefs about the importance of listening to students, in part due to the video activities. This 
combination of changes may have contributed to her increased ability to interpret students’ 
thinking over the semester. In other words, as Harper was placing more value on students’ sense-
making, she could understand more of what they were doing mathematically. Harper’s responses 
demonstrate that beliefs, MKT, and interpretation may have a more complicated relationship 
than indicated by the statistical results alone. She was experiencing a different approach to math 
instruction at the same time as she was growing in her MKT of fraction concepts. These changes 
were possibly interrelated, as in reality, PSTs’ knowledge and beliefs are interconnected.  
Summarizing Sarah’s and Harper’s cases. Harper and Sarah noted substantial changes 
in their knowledge, both content and pedagogical knowledge, over the semester, which 
corresponds with the gains in their MKT scores. Additionally, they noted that the video activities 
were beneficial. In particular, both Sarah and Harper commented on the benefit of the out-of-
class video observation assignment when they were not prompted to discuss their opinion on this 
assignment. This indicates that this assignment was particularly noteworthy when they were 
reflecting on what they learned in the methods course over the semester.   
Harper’s case demonstrates how her changes in knowledge and interpretation were also 
occurring while she was experiencing changes in her beliefs about what it meant to teach math 
well, shifting to a more problem-centered approach that values what students are saying. The 
noticing activities were a contributing factor to this shift. It is possible that this shift in beliefs 
may have happened without the noticing activities. It is also possible that while the course 
exposed PSTs to teaching math through problem-solving, the videos provided examples of what 
such instruction looked like, which confirmed that this way of teaching math was engaging, and 
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students still learned the target concept. Harper discussed her beliefs and knowledge together, 
reminding me that while measured separately, theoretically, they are not completely separate 
concepts. 
Even PSTs who did not have as large of a change in MKT as Sarah and Harper, shared 
that their views about students’ capacity to reason mathematically changed over the semester. 
For example, in her interview, Claire, who had a 2-point gain in MKT, commented on the value 
of the noticing activities. 
Interviewer: So, you watched videos of students working on math tests throughout the 
semester. What do you think you learned from the video activities, if anything? 
Claire: The video activities I think just learning how students think. Well, with the video 
you can replay it and stuff and really go step by step. And I think seeing that how the 
students think, it’s different than how I would have assumed they would think about 
problems. Because that’s not how I see problems necessarily. So, I think it was just 
interesting to see how kids work and knowing that they are. Because a lot of the videos 
that we saw they were student to student interactions. And knowing that kids are good 
with that stuff and a lot of the times we think of they won’t be good with that. They’re 
just going to confuse each other. But they’re like better teachers for themselves. They can 
teach each other pretty well. 
Interviewer: Where do those beliefs come from do you feel like we think that students 
can’t do this in a sense or …? 
Claire: I don’t really know. I just feel like people think oh they’re so young. They won’t 
understand. They won’t know how to…like our fraction unit, they won’t understand this 
can be divided up into this. But they do. They get it. They see the patterns and they’re 
able to make their own connections. And I think because we’re taught the procedure and 
we’re like oh they won’t understand. They don’t know the procedure yet. But there’s a 
reasoning behind the procedure and I think kids see that first. Whereas a lot of us, as we 
grow older, we just want to know how do we get this. We don’t care necessarily about 
why it works. But I think kids they need to know what it is. And they’re curious too. And 
so that’s what makes it different. 
 
The video activities exposed PSTs to authentic classroom experiences that demonstrated how 
students are capable of thinking and working on their own. Instead of solely relying on the 
instructors’ reassurance that children were capable of such math work, the noticing activities 
may have acted as proof for the PSTs to believe that it was possible. Claire, Sarah, and Harper 
discussed how their experiences as a math student were more traditional, and valued algorithms 
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over conceptual understanding. Claire explicitly connected this to a belief of being doubtful that 
students are capable of engaging in math the way that teaching through problem-solving 
requires. These cases highlight that possibly that, in the noticing activities, PSTs in the focal 
section may not have merely learned how to notice or learned the correct language. Instead, their 
participation in the noticing activities exposed them to the idea that listening to students’ 
mathematical thinking is valuable, because they have something to say.  
GQ 1.3: Comparing PSTs’ End of Semester Questionnaire Responses in the Focal and 
Comparison Sections.  
To investigate how experiences with noticing may have influenced PSTs’ noticing over 
the semester, I draw on all of the PSTs’ responses to the following question from the End of 
Semester Questionnaire: In what ways do you think that this course has changed the way you 
observe students doing mathematics, if at all? As described in the Methods Chapter, I 
categorized each of the 94 PSTs’ responses as either explicitly addressing changes in the practice 
of noticing students’ thinking or not. Some examples of responses that were categorized as not 
explicitly addressing changes in attention to students’ thinking are: 
Ruby: It takes several explanations, hands-on experiences, and practice to make sure 
students learn how to do math. It is a long process, but students understand the material 
better when taught repeatedly over a long period of time. 
 
Diana: I think that this course made me understand how important it is to have a 
conceptual understanding of math. Students are not just learning the algorithm anymore, 
like I did. They have to actually understand what is happening and why. 
 
Annie: I have a much better understanding of why we do certain things in math. We are 
taught how to do certain math problem (like keep, change, flip) but I never understood 
why we do that. I now have a better understanding of why we do certain things in math. 
 
These PSTs’ responses indicate changes in knowledge or in their understanding of what is 
important in a math class on account of the methods course. However, they do not discuss how 
 146 
their noticing of students’ thinking may change. In contrast, below are some examples of 
responses that were coded as indicating a change in noticing:  
 
Samantha: I think I am more open to seeing how a student tries to figure out a problem, 
rather than just correcting them right away and teaching them an algorithm to solve the 
problem. I think they need to develop an understanding themselves. 
 
Alice: It’s made me realize there are so many ways for students to understand certain 
math concepts and I have to be open to each one. I didn’t know there were so many 
reasoning strategies and I always thought you just teach the procedure for math, but this 
course opened my eyes to conceptual understanding. So, it’s important to understand and 
listen to what your students are thinking. 
 
Hadley: It has taught me to look for/observe alternative ways that students are solving 
math problems because there are often times more than one way to solve a problem. 
Asking students questions when observing them is also important to understand their 
thinking process to see if you need to clarify for them or can use their strategy to help the 
rest of the class. 
 
The above responses indicate that the PSTs changed in how they attend to, interpret, or respond 
to students’ thinking due to the course. While Alice’s response begins similarly to Ruby, Diana, 
and Annie in the prior examples, stating the impotence of conceptual understanding, Alice 
connects conceptual understanding to the role of the teacher in listening to and understanding 
and students’ thinking.  
There was a notable difference between the PSTs who had participated in noticing 
activities over the semester and those that did not. Out of the 72 PSTs who did not participate in 
additional noticing activities over the semester, 25 (35%) explicitly mentioned student’s thinking 
in their response to the question about the ways the course changed their observations of 
students. Comparatively, of the PSTs who did practice noticing over the semester, 65% (15/23) 
explicitly referenced noticing students’ thinking when considering how their observation of 
students engaging in math had changed over the semester. In corroboration of the statistical 
findings from Chapter 4, the PSTs who had experiences with the noticing activities over the 
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semester were more likely to explicitly discuss their attention, interpretation, or response to 
students’ thinking in the way their observation has changed over the semester than their peers 
that did not have formal experiences with noticing.  
Summary of Findings for Guiding Question 1 
It is possible that the fact that gains in MKT corresponded to gains in interpretation 
primarily for the focal section is solely due to complicating factors of my relationship with the 
focal section. If the PSTs in the focal section were considerably more invested in the study and 
consequently performed better than their peers, then it is possible to obtain similar statistical 
results. If this were the case, there would likely be little actual difference between the focal and 
comparison sections. However, the findings presented in this section, especially the findings 
from the End of the Semester Questionnaire, suggest that PSTs in the focal section gained more 
from the course about noticing students’ thinking than their peers in the comparison sections.  
The Pattern Block Video group discussions demonstrated notable gains in both the topic 
and depth of analysis, particularly for the groups with larger gains in their MKT over the 
semester. This analysis guided the decision to select two cases with PSTs who demonstrated the 
large gains in the MKT over their semester. The cases indicate that the noticing activities may 
have had an impact on PSTs’ beliefs about the importance of listening to students’ thinking. 
Although all sections of the methods course promoted a student-centered, problem-based 
approach to math education, the focal section’s use of videos provided the opportunity for the 
PSTs to witness students engaging with math and successfully solving math problems with their 
peers. The videos in the noticing activities may have acted as a type of proof to validate that 
problem-based instruction is effective. As in the case of Sarah and Harper, this may have been 
especially impactful for PSTs who started the semester with lower MKT and demonstrated 
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substantial growth in their MKT over the semester. Sarah and Harper shared how they grew in 
their own understanding of fraction concepts during the methods course by engaging with 
problem-based activities. As they discussed, Sarah and Harper felt less successful as math 
students in traditional math classrooms, and consequently, they may have been especially open 
to viewing math teaching differently, since they know from their first-hand experience that not 
all students grasp math concepts through procedurally-focused instruction. However, these are 
only two cases, and therefore may not have been a universal experience for the PSTs who 
notably grew in their MKT over the semester. Still, if the results are not unique to these two 
students, PSTs in the focal section may have responded to their End of the Semester 
Questionnaire with more focus on students’ thinking because they witnessed how students are 
capable of generating math knowledge. 
Guiding Question 2: Why were PSTs’ Beliefs Only a Weak Predictor, at Best,  
of Their Noticing of Students’ Mathematical Thinking? 
 In Chapter 4, I discussed that there was no statistical evidence indicating that the PSTs’ 
beliefs about the role of children’s thinking in math teaching were associated with their 
interpretation of students’ thinking, but there was limited evidence suggesting that these beliefs, 
as measured by Likert scale items, may be related to their response to students’ thinking. 
Statistical analyses identified that PSTs’ responses to the Classroom Discourse Factor was 
predictive of their level of responding to students’ thinking at the end of the semester. The 
Classroom Discourse Factor included three items about children discussing their solutions, 
justifying their mathematical statements, and the importance of teacher questioning. However, 
when adjusting for multiple comparisons, this result loses its statistical significance. Hence, these 
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results are suggestive of a possible relationship between some teacher beliefs and responding, but 
they are certainly not definitive. 
As I explore further in this section, the Situational Beliefs Items (SBI) did not capture 
beliefs in a meaningful enough way to draw strong conclusions about further relationships 
between the PSTs’ beliefs and their noticing of students’ mathematical thinking. With all of 
these analyses combined, there is limited evidence indicating that PSTs’ beliefs were predictive 
of their noticing of students’ thinking. However, as discussed in Chapter 2, past research 
supports that beliefs may still be related to their noticing, even if this study failed to capture that 
relationship. Hence, it seems worth considering why the quantitative analyses did not uncover a 
clearer connection between beliefs and noticing.  In this section, I provide evidence regarding 
challenges with the beliefs instruments as well as why the noticing assessment, particularly the 
responding portion, may have been problematic. First, I discuss the challenges of the Likert 
items, then I present what was learned from the SBI items, and finally I present some instances 
that demonstrate the complications of measuring PSTs’ beliefs. Additionally, I discuss how the 
noticing assessment may not have captured their noticing in a way that relates to their beliefs.  
Difficulties with the Beliefs Measures 
Challenges of Likert items. As discussed in Chapter 4, a ceiling effect limited the 
ordinal regression analysis since it was difficult to capture growth over the semester. This is a 
documented challenge with Likert items (Philipp, 2007). Since the methods course was during 
their first semester of their Professional Education Sequence, I had hoped that it was early 
enough in their program that there would be some differentiation in PSTs’ beliefs about the role 
of children’s thinking in math teaching. However, the statistical results show that the PSTs 
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already rated fairly high in their beliefs from that start of the semester, leaving little to no room 
for differentiation or to demonstrate growth.  
The inability to capture growth in beliefs with the Likert items is evident with some PSTs 
who participated in the interviews. For example, when Emma was asked if her views about 
children’s abilities to solve problems for themselves have changed over the semester in her 
interview, she shares:  
Yeah, I really think so. I think that before I would have been ... like in math, it was kind 
of- it was harder to teach math, just in terms of how to help. Even when I was sitting 
observing in classrooms, helping a little bit, I always had a trouble with, okay they got it 
wrong, what do I do now? I don’t want to- it was like, okay, two plus two, they say five. 
Before I would have been like, okay they got it wrong, I just tell them it’s wrong. But do 
I walk away, or do I tell them the answer is four? I didn’t know how to do it.  And now I 
think I can better see that they have the ability to solve it themselves, and I know how to 
guide it better, instead of saying, “this is right, this is wrong.” You know, they can really 
think about it, give them a word problem. I know how to let them look into it further.  
 
While she describes a notable change in her beliefs in students’ abilities to think through 
problems, her responses to Likert scale items were unable to detect this shift, since she had 
already topped out the scale at the start of the semester. For example, at the start of the semester, 
Emma “strongly agreed” with the statement, “teachers should encourage children to find their 
own solutions to math problems even if they are inefficient.” She also “strongly disagreed” with 
the statement, “telling children the answer is an efficient way of facilitating their math learning” 
at the start of the semester. Emma “strongly agreed” and “strongly disagreed” with the same 
statements at the end of the semester respectively. Her interview response indicates that she 
likely grew in these beliefs, which the Likert items were unable to capture.  
PSTs already placed a high value on students’ thinking. Having considered some 
possible limitations of Likert items in the study design, I created a Situational Beliefs Instrument 
(SBI) as discussed in Chapter 3. These items presented participants with classroom situations and 
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asked the PSTs to make decisions about the best course of action, which was intended to reveal 
some of their guiding beliefs in making that judgment. However, instead of identifying shifts in 
beliefs that were undetectable in the Likert measures, the PSTs’ responses to the SBI also 
showed little variation in PSTs’ beliefs about the role of children’s thinking in math teaching. 
The striking similarity in the PSTs’ responses suggest that previous coursework had already 
stressed to the PSTs the value of students’ thinking.  To exemplify how similar PSTs’ responses 
were to each other and over the semester, I present examples from all four of the situations in the 
SBI. 
SBI Situation 1: How would you spend time while students are working in a group? 
The first SBI item asks: 
You are a fourth-grade teacher and the goal of the lesson is for students to investigate the 
concept of fraction subtraction.  You have given student groups a rich mathematical task 
where they use manipulatives to explore fraction subtraction.  Briefly describe how you 
would use your time while students are working on the task in their groups. 
 
Overall, the PSTs’ responses at the start and end of the semester were similar and did not 
indicate much variation, if any. At the start of the semester, all but one of the 94 PSTs who 
responded to the question responded by saying a version of, “I would walk around the classroom, 
asking students questions and listening to their ideas.” To exemplify how similar the PSTs’ 
responses were, I selected three PSTs with a range of mean Likert beliefs scores at the start of 
the semester, shown in Table 5.1. Rena had the lowest mean of all the PSTs, Alexa had the mean 







Example Responses to SBI Situation 1 
PST 






Rena 2.16 I would be walking around the room 
and actively listening to students 
and their methods on solving the 
problems. If there was a student who 
was confused, needed help, etc. I 
would aid the student (and or 
students) and allow them to use the 
method I have taught or explain the 
method they have used to get to the 
solution whether it is correct or not. 
Then, as a teacher, you can better 
understand where students are 
becoming confused and places you 
may need to go over again. 
2.84 I would walk around to watch as 
my students complete the 
problems and provide aid when 
needed, but also observe the 
work they do to check for 
understanding. This is how a 
teacher is able to identify similar 
areas of misunderstanding in a 
class and also areas that may 
need to be readdress as a whole 
group.  
Alexa 3.03 I would make sure I was actively 
walking around the room and 
checking in a discussing with groups 
what they were doing. I would work 
to challenge them and have them 
explain to me how they were doing 
what they were doing and why. If 
they were struggling, I would work 
to try and assist and maybe help to 
set up the problem in a different 
way. 
3.31 I would be sure to spend time 
with each group to check for 
understanding/ see how they are 
progressing through the task. I 
would ask questions such as 
“How did you come to that 
answer?” or “Can you explain to 
me why you think this?” I would 
also work to push them in the 
right direction if they are not 
quite getting it. 
Julie 3.79 I would move from table group to 
table group and see where different 
groups are at. Hopefully they would 
be helping each other to understand 
and work together.  
3.69 I would move from group to 
group, make sure students are 
working together and discussing, 
and ask them why they did 
things a certain way, how they 
came to those solutions, and if 
those solutions make sense 
logically. 
 
The similarity of the PSTs’ responses demonstrated in Table 5.1 indicates that they may 
have discussed how to facilitate group work in previous coursework. Almost all of the 
undergraduate Elementary Education majors would have completed 13 credit hours of 
Professional Education Foundation courses when they were enrolled in the math methods course 
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in the fall semester of their Junior year. These courses include Education Orientation Seminar 
(EDUC 101), Educational Psychology (EPSY 201), Identity and Difference in Education (EDUC 
201), Social Justice, School, and Society (EDUC 202), and Language Varieties, Cultures, and 
Learning (CI 415). It is possible that these courses could have impacted PSTs’ responses and 
already oriented PSTs to value students’ thinking.  
Upon reflection, I realize that this question may have failed to elicit varied responses 
from the start of the semester because it assumed PSTs’ beliefs from the outset. Asking PSTs 
about how they would spend their time while students are working in groups puts the situational 
item in a problem-based context, assuming that the PSTs would structure their classes with 
problem-based group work. Consequently, their responses reflected that context, removing an 
important choice about PSTs’ preferences in classroom structure that may have been 
enlightening. It is possible that there would have been more variation in responses if the question 
probed beliefs about the best structure for a math classroom and what their role as a teacher 
would be in their ideally structured math class. Additionally, since past courses may have 
exposed the PSTs to how a teacher facilitates group work generally, changing this question may 
lessen the influence of past coursework.  
SBI Situation 2: What should influence a teacher’s decision about what to teach and 
how to plan a lesson? SBI Situation 2 asks:  
Mr. Miller has been teaching second grade for over ten years and is very well respected 
in his school and district. When Mr. Miller is planning a math lesson, there are many 
different factors that might influence his decisions about what to teach and how to plan 
his lesson.  In a few sentences or less, what should be the most important factors 
influencing what his lesson is and what he teaches? 
 
Similar to the previous SBI question, there was little differentiation amongst PSTs’ answers at 
the start and end of the semester. All respondents mentioned that a teacher should consider how 
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each student learns best, with some PSTs adding that curriculum and “learning types” should be 
considered when planning a lesson. There was not a marked difference between PSTs’ responses 
to this question at the start and end of the semester. To highlight the lack of variety in responses, 
I have included Rena’s, Alexa’s, and Julie’s (same PSTs from SBI Situation 1) responses to SBI 
Situation 2 at the start of the semester in Table 5.2. 
Table 5.2 
Example Responses to SBI Situation 2 
PST 






Rena 2.16 First and foremost, understanding 
that not all students learn the same 
way is something all teachers 
must understand. This is so 
important in teaching today 
because once a teacher starts to 
see how students learn best or 
don’t, this can affect how they 
teach, create lesson plans, etc. 
2.84 The most important part of 
planning lessons should be 
what methods have been most 
successful in the past and how 
students have learned best. By 
evaluating what has worked 
best in the past you can use the 
best strategies and methods so 
that future students can learn 
better 
Alexa 3.03 I think he needs to think about the 
students, because every group of 
students is different and in order 
for all students to learn best, he 
needs to come up with meaningful 
ways to teach and practice what 
he is teaching. By considering his 
students and their learning styles 
he will benefit his students most. 
 
3.31 Where his students are at, their 
learning styles, if they need to 
be in various groups, what are 
the basics of what they need to 
understand before they can 
move onto the next lesson 
Julie 3.79 He should consider where his 
students are at, how they have 
previously learned similar topics, 
their background knowledge, what 
he knows their speed and 
understanding to be, and the style 
that helps each child learn best. 
3.69 The most important factors 
should be that the lesson is 
beneficial for the specific 
students that he has, that it 
reflects what exactly is being 
taught, and that it caters to all 
student’s learning abilities. 
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The frequency with which the PSTs mentioned the importance of “learning styles” in 
Situation 2 is noteworthy. It is possible that if a teacher values students’ “learning styles”, it may 
limit their noticing of students’ thinking. If a teacher thinks that a student learns in one way, they 
may not attend to other ways the student is engaging with mathematics if it is outside of their 
particular “learning style”. As instruments are refined in the future to capture PSTs’ beliefs, it 
may be worthwhile to consider this possible relationship, as views on “learning styles” may be a 
belief that mediates elementary PSTs’ noticing that this study does not directly investigate. 
This item was not necessarily dependent on a math context, and in retrospect, was 
assessing a broader belief about instructional design and lesson planning. Given the PSTs’ focus 
on differentiation to meet each student’s needs, it seems likely that previous coursework had 
some influence. In particular, the courses related to equity, which address meeting the needs of 
all students, may have contributed to why all of the PSTs’ responses were similar. The question 
was intended to have PSTs address the tension between basing instruction on students’ thinking 
versus curriculum guides or teaching to a standardized test. Possibly posing this question to more 
explicitly address this tension and having respondents select and defend their priority in 
instructional design, would have captured more variation over the semester.  
SBI Situation 3: What is the most and least important teacher action in facilitating 
students’ learning in group work? SBI Situation 3 asks: 
You are a fourth-grade teacher and the goal of the lesson is for students to investigate the 
concept of fraction addition.  You have given student groups a rich mathematical task 
where they use manipulatives to explore fraction addition.  Indicate the most important 
teacher action and the least important teacher action in facilitating students’ learning and 
explain your responses. 
 
a. Making sure that students stay on task and their conversations focus on 
mathematics. 
b. Making sure that student groups are working nicely together, including sharing 
manipulatives and other materials fairly. 
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c. Listening to students’ mathematical ideas. 
d. Going from group to group, showing students ideas for how to approach the 
problem.   
e. Asking groups what answers they are obtaining and telling them if they have the 
correct answers or not. 
f. Identifying which groups have reached incorrect answers and explaining the 
correct method to them. 
Table 5.3 presents PSTs’ responses to the above question at the start and end of the 
semester. The largest proportion of PSTs indicated that listening to students’ math ideas was the 
most important teacher action, and telling groups if they had the correct answer was considered 
the least important at both the start and end of the semester.40 There was not a statistical 
relationship between PSTs’ responses to this question and their noticing of students’ thinking at 
the start or end of the semester.  
Table 5.3 
Most and Least Important Teacher Action in Facilitating Students’ Learning in Group Work 
over Semester 
Option 














Making sure that students stay on task and their 









Making sure that groups are working nicely 
together, including sharing manipulatives and 









Going from group to group showing students 









Identifying which groups have reached incorrect 








                                               
40 I conducted a McNemar-Bowker test to investigate if there were statistically significant 
changes in PSTs’ responses at the start and end of the semester. This analysis was not significant. 
This test was appropriate since I was investigating how respondents changed in their response to 
a categorical question with more than two categories at two points in time (Krampe & Kuhnt, 
2007). 
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Table 5.3 (continued) 
Option 









Asking groups what answers they are obtaining 











There was a 17% increase in the PSTs who selected listening to students’ math ideas as 
the most important. This trend is consistent with growth in PSTs’ responses to the Likert items, 
which indicated that the PSTs valued children’s math thinking more at the end of the semester, 
but similar to the Likert items, the responses from the start of the semester left little room for 
growth. Overall, while this question did obtain some varied responses, it may have had too many 
options for any trends to emerge, but again demonstrated how little variation there was in PSTs’ 
responses even at the start of the semester.  
SBI Situation 4: Given a student’s written work, what step would you take next? SBI 
Situation 4 asks:  
You are a teacher in a third-grade class.  You have assigned the following problem for 
students to work on in groups.  You are walking around your classroom to see what 
students are doing.  You come to one pair of students who are arguing about the correct 
solution to the problem.  James is one of the students, and his solution is below.   
 
 
Figure 5. 6. James’s solution for SBI Situation 4. 
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Several other students responded to this survey previously and provided the following 
answers.  Of the following options, which action do you think should be the first thing 
you do? In a sentence or two, describe why you would take that particular action. 
a. Use math manipulatives (such as pattern blocks) to show James why his answer is 
incorrect. 
b.  Use math manipulatives (such as pattern blocks) to show James the correct way 
to solve the problem.  
c. Ask another student in his group to show him the correct solution. 
d. Ask James to explain his thinking. 
e. Encourage James to figure out his mistake by talking things through with his 
group and then tell him that you will come back later. 
f. Call the class together and show students one way to solve the problem. 
g. Other (please explain). 
Table 5.4 shows PSTs’ responses to SBI Situation 4. The largest proportion of PSTs at 
the start and end of the semester selected that they would ask James to explain this thinking.41 
Upon further reflection during data analysis, I decided to disregard this item on the SBI. Unlike 
SBI 3 that asks PSTs what they would do generally in classroom instruction, this question is 
essentially asking the respondents how they would respond to a specific student, James, and his 
mathematical thinking, which is the responding component of noticing. Consequently, it is not a 
belief about the role of children’s thinking, but instead, their anticipated response to a student’s 
mathematical thinking. In other words, this item is measuring the PSTs’ noticing, both their 
attention to and interpretation of written work and then how they would anticipate responding. 
As such, I excluded this item from further analysis as a beliefs item. However, it does present 




                                               
41 I conducted a McNemar-Bowker analysis to investigate if there were statistically significant 
changes in PSTs’ responses at the start and end of the semester. This analysis was not significant. 
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Table 5.4 
PSTs’ Responses to the Most and Least Important Teacher Action in Facilitating Students’ 
Learning in Group Work over Semester 
Option Start of  
Semester 
End of  
Semester 









Encourage James to figure out his mistake by talking things 






Use math manipulatives (such as pattern blocks) to show James 





Use math manipulatives (such as pattern blocks) to show James 





Ask another student in his group to show him the correct solution 0 0 
Did not answer 0 5 
5% 
 
What did the SBI items reveal about PSTS’ beliefs? The consistency over the semester 
and lack of variety among PSTs’ responses to the SBI items may indicate that PSTs were already 
exposed to such ideas in prior coursework. Since the math methods course was during their first 
semester of the Professional Education sequence in the program, I had thought that some of the 
math-specific beliefs would not be so consistent among PSTs. However, it is evident from the 
PSTs’ responses that the PSTs knew about the idea of “learning styles”, likely from coursework, 
and held beliefs related to being adaptive and responding to such differences.  Consequently, the 
responses among the PSTs were strikingly similar. Further, their written responses to SBI 
Situations 1 and 2 at the start and end of the semester were exceptionally similar. Overall, the 
PSTs' responses to four situations in the SBI demonstrated little change over the semester, with 
the multiple-choice items indicating that the PSTs already placed value on listening to students’ 
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thinking at the start of the semester. There were additional specific limitations of the items, that 
worded differently may have better captured PSTs’ differing beliefs.  
Giving the “right answer” while not consistent with genuinely held beliefs. The 
consistency of PSTs’ responses to the SBI indicate that their prior coursework or experiences 
may have already informed them about the “right” beliefs in teaching. It is likely that through 
this coursework, some of the PSTs genuinely aligned their beliefs to value students’ thinking. 
However, some PSTs may have been responding with the beliefs they knew were “right,” as 
opposed to the beliefs they held. This could mean that PSTs’ responses to the Likert items, SBI, 
or both, may not be reflective of their true beliefs. Veronica and Mia scored above the mean on 
the Likert beliefs items at the start of the semester, with Veronica at 3.24 and Mia at 3.11, on a 0-
4 scale. Additionally, in their SBI Situationa1 responses, both discussed the importance of 
listening to students and allowing them to explore. 
Veronica: While students are working on the task in their groups, I would walk around 
the classroom and listen in on what groups are talking about. I would not interject much 
and just watch what they were doing and let them think, but if they asked me a question, I 
could help guide them without directly telling them what to do. 
 
Mia: I would walk around to the different groups to see how they are using the 
manipulative; I would ask how they are using the manipulative to get a better 
understanding of their understanding of fractions. I would help those who needed it by 
asking open-ended questions to help them get to an answer. 
 
These responses are seemingly contradictory to the conversation they had approximately 10 
minutes later when Veronica and Mia discussed the Pattern Block Video: 
Noelle: It looks like she’s a visual learner. 
Veronica: I that that’s crap. I think visual learners…I think that’s crap. 
Mia: Yeah, me too.  
Veronica: If she’s anything like me, like I’m just not great at math. 
Mia: Neither am I. 
Veronica: So I know she was trying to find something to make it simpler for her. Maybe 
in her head it did, but I think what happened was she confused herself because she was 
trying to do it visually.  
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Mia: And I think the problem with that is that kids go to elementary school and middle 
school and even certain classes in high school and they are trying to do visual shortcuts. 
Like I don’t want to be like ‘you have to learn it this way,’ but there’s going to be a point 
in math when you are not going to be able to bust out your little blocks. It’s a crutch. You 
know what I mean?  
Veronica: Yeah. 
 
In this discussion, Veronica and Mia agree that using the pattern blocks was detrimental to the 
students’ learning. They disregard that the student is thinking through the problem conceptually, 
and instead suggest that the student should complete the problem in a more standard, non-visual 
way. This conversation appears to be contradictory to their responses on the Likert items and SBI 
question. 
It is indeed possible that Veronica and Mia genuinely hold contradictory beliefs. It is also 
possible that either Veronica, Mia, or both of them were not reflecting their true beliefs either 
during the discussion or in their responses to the beliefs survey. Either way, this conversation 
does highlight that some PSTs may have responded to the beliefs instruments in the way they 
thought was “correct,” and not necessarily in a way that was consistent with what they truly 
believed. If this was the case, it could be a reason why the SBI did not elicit variation in PSTs’ 
responses or why the PSTs scored so high on the Likert beliefs items at the start of the semester. 
Additionally, if PSTs did not genuinely represent their beliefs in their responses, it could be why 
a stronger statistical relationship was not identified, if one does exist.  
Practicum experiences and PSTs’ beliefs. Given that PSTs draw on their experiences to 
inform their beliefs, it is probable that PSTs’ experiences may be a complicating factor, 
weakening the relationship between their beliefs and their noticing. To exemplify this, I present 
two cases, Noelle and Sarah, relating their practicum experiences to changes in beliefs and 
responding over the semester. Noelle and Sarah were the only PSTs that detailed information 
about the type of math instruction they observed in their practicum in their interviews. 
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Consequently, they were the only cases that allow an investigation of the impact of practicum 
experiences. As such, these cases highlight how practicum experiences may interact with PSTs’ 
beliefs and noticing but are not intended to show necessarily a broad trend. I first present each 
case and then summarize them, addressing how practicum experiences may have impacted their 
beliefs over the semester.  
Noelle. Noelle was in a fifth-grade practicum placement during the methods course and 
indicated that almost every day she was there, she observed math instruction. At the end of the 
semester, Noelle briefly described her experiences in her practicum during her interview: 
Interviewer: So the first question that we have for you is ‘do you think that your views 
on the following statement have changed throughout the semester?’ And the statement is 
this: It is important for children to be given opportunities to reflect and evaluate on their 
own mathematical understanding. 
Noelle: Yeah, I think it’s definitely developed and become stronger. I’ve always felt that. 
But now, after taking this class and being in a field placement, I think it’s definitely a lot 
stronger than if you asked me in August.  
Interviewer: So just being in a field placement and that class has made that stronger for 
you? 
Noelle: So, being in a field placement, seeing kids actually do mathematics, which is 
something I really hadn’t been afforded the opportunity to do, but also taking this class. 
I’ve been learning the different methods you can really reinforce that with students and 
give them the opportunity, and also just the course content and all the research about 
teaching children math. My field placement teacher cares a lot about what students are 
thinking and gives them the opportunity to work on problems. 
 
While unprompted, Noelle’s discussion of her field placement teacher reveals that she had the 
opportunity to view students engaging with math problems. The type of learner-centered math 
instruction presented in the methods course was reinforced in her practicum experience.  
Noelle did not share specifically how these experiences changed her beliefs, but as shown 
in Figure 5.7, her interpretation of students’ thinking, response to students’ thinking, and her 
response to SBI Question 3 changed over the semester. At the start of the semester, she scored a 
9 on her MKT assessment, which was within one standard deviation of the mean (10.8). She 
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demonstrated growth in her MKT, scoring a 12 at the end of the semester, which again, was 
within one standard deviation of the mean (12.8). Her growth in MKT was similar to the mean 
















Figure 5.7. Noelle’s responses to the SBI Situation 3 and her answer for responding in the 
Noticing Activity at the start and end of the semester.  
 
Noelle’s interpretation of the student’s thinking changed to be more specific to the 
student’s actions and what those actions indicate about the student’s understanding of fraction 
concepts. At the start of the semester, Noelle interpreted the use of pattern blocks as an incorrect 
way to solve the problem and asked the student to use numbers, presumably meaning using an 
algorithm instead. Her response to SBI Situation 3 at the start of the semester was similar, stating 
that the most important teaching action is to make sure that students are obtaining the correct 
answers. By the end of the semester, Noelle’s response to students’ thinking was more focused 
Noelle 
Start of Semester, MKT = 9 
 
Interpreting: The student used 
math manipulatives to model the 
equation. 
 
Responding: Can you solve the 
problem without using shapes? 
So that I can see if she can use 
numbers, which is right. 
 
Most important: Asking groups 
what answers they are obtaining 
and telling them if they have the 
correct answer because if a 
group is getting the wrong 
answer I want to make sure they 
learn from their mistake for the 
next problems. 
Noelle 
End of Semester, MKT = 12 
 
Interpreting: The girl in the blue is using different 
pattern blocks to conceptualize the problem and 
realized what whole was. It seemed like she was able 
to make "trades" within fractions, and to understand 
how to put fractions with a common denominator. 
 
Responding: I would ask her to explain her thinking 
to me, and if she was correct in her understanding, I 
would have her explain the answer to other students 
who were perhaps struggling. That way I can hope to 
make sure that I understood her thinking.  
 
Most important: Listening to students’ ideas because I 
think by listening to students' math ideas, a culture of 
respect and rapport is created amongst students and 
teachers by knowing that we can all talk about how 
we solved a problem, whether our answer is correct or 
still needs improvement. 
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on her understanding of what the student is thinking versus guiding the student towards a 
“correct” solution. Likewise, her response to SBI Situation 3 shifted to listening to students’ 
ideas being the most important teacher action while students are working in groups. 
Sarah. Sarah, who had substantial growth in her MKT over the semester, also 
demonstrated growth in her interpretation of students’ thinking at the start and end of the 
semester (Figure 5.8). Sarah started the semester believing that the most important teacher action 
in SBI Question 3 was to listen to students’ ideas since it gives insights to students’ 
understanding and allows the teacher to make informed decisions. Her response to the student in 
the Pattern Block Video echoed this belief, asking her to solve the problem with different shapes. 
It is unclear what Sarah exactly meant by this question, if she wanted the student to solve the 
problem with completely different manipulatives, or to change the whole so that the pattern 
blocks would represent different fractions. Either way, she stated that the intention of the 
question was for her to understand what the student is thinking.  
By the end of the semester, Sarah’s response to students’ thinking had changed, as did 
her answer to SBI Situation 3. She indicated that going from group to group and showing 
students ways to approach the problem was the most important since teachers need to scaffold 
students’ learning. The way that she responded to the student in the Pattern Block Video vaguely 
reflected this belief as well, asking the student to solve the problem with a hundreds grid, which 


















Figure 5.8. Sarah’s responses to the SBI Situation 3 and her answer for responding in the 
Noticing Activity at the start and end of the semester.  
 
Sarah’s practicum experience was different from Noelle’s. In her field placement, Sarah 
was not able to observe math instruction, but she sought out opportunities by observing another 
teacher at the school. As Sarah describes in her interview:  
I previously have not really seen in depth math being taught. Even this semester, my 
placement, my teacher doesn’t teach math, but I would go to the other teacher and watch 
her every once in a while. And they only did stations and they’re all teaching themselves. 
I don’t think it was really working for them though because they couldn’t ask the teacher 
questions. She would be with her group that everyone else was doing individual work in 
their packet. And then just like two weeks ago she went to some conference for three 
days and then came back and then was doing exactly how we’re learning how to teach. It 
Sarah 
Start of Semester, MKT = 5 
 
Interpreting: As soon as the girl read 
the problem, she started thinking 
about it in terms of shapes. Before 
she even got the shapes out, she was 
picturing it in her head. The girl was 
able to look at the problem in bigger 
pictures. She is able to connect 
different parts of math, geometry and 
fractions, to produce a correct 
answer. 
 
Responding: How would you be able 
to solve the problem with different 
shapes? I would hope that she would 
be able to tell me different ways so I 
can understand what she is doing. 
 
Most important: Listening to what 
the students are doing and how they 
are going about solving the problem 
is the most important because that’s 
how you will know what you need to 




End of Semester, MKT = 15 
 
Interpreting: The problem was 2/3 - 1/6 and 
the student played with the idea of what a 
whole is. She took a hexagon and made that 
her whole for 2/3 because it can be broken 
up into 2 rhombuses. For the whole of the 
1/6 she then took triangles with a whole of 
the hexagon because 1/6 of the hexagon is 1 
triangle. She was able to think of the 
fractions in different wholes, using a 
hexagon, to visually convert the fractions 
into common denominators. 
 
Responding: I would ask if she can solve it 
using a hundreds grid. It will take her a step 
forward and give her a way to solve it with 
decimals. 
 
Most important: Going from group to group 
and showing ideas for how to approach the 
problem because it is important that as 
students are working in groups that the 
teacher is scaffolding their learning in a way 
that is most beneficial for the students to 
learn the new math concepts. 
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was really interesting because then I came back, and I happened to observe the day she 
came back. And I was like, “this is interesting. Why are you doing it this way now?” And 
she said this was what they learned during their conference. And I just thought it was 
interesting because that’s what we’re learning now. But then the next time I saw her, she 
stopped teaching that way. She said she couldn’t do it with this group of kids.  
 
Sarah shared that the teacher she observed for math was traditional in her instruction at the start 
of the semester, with students working independently in math stations. Sarah did not expand on 
what the teacher meant by “this group of kids” or what made it too challenging to implement 
problem-based instruction with them. Whether connected to this instance or not, from her 
responses in Figure 5.6, Sarah seems to have shifted away from valuing students’ thinking as 
much as she did at the start of the semester.  
From Sarah’s interview response, however, it appears that Sarah had not moved away 
from problem-based instruction for her own teaching. When asked, “Do you think that your 
views of teaching math have changed in any way throughout the semester?” Sarah responded:  
Yeah. I just think as a teacher, I’ll definitely try to be very, like, progressive in methods 
and to really try to put an idea out there and have them discover and explore in groups. 
And then listening to students so that I can see what everyone thought. And not just 
looking for the right answers, but also going through the incorrect answers and 
understanding how people got to those answers. Because it’s important to understand all 
the ways they get to answers. So just really making it more of a discussion rather than 
them working individually on worksheets or whatever it is. 
 
While Sarah’s noticing and SBI responses seem to indicate movement away from valuing 
students’ thinking, her interview response discusses the importance of allowing students the time 
and space to think and reason mathematically. This seeming contradiction could mean Sarah is 
trying to give her perception of the correct answer in the interview. Alternatively, it could imply 
that although Sarah believes in implementing problem-based instruction for her own classroom, 
her view of her role as a teacher in such a classroom has changed to be more directive.  
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 Summarizing the cases of Sarah and Noelle. Sarah and Noelle were the only two cases 
investigated in light of their practicum experiences. Consequently, I am not claiming that there is 
a pervasive connection between PSTs’ field experiences and their response to students’ thinking. 
Instead, these cases highlight how field placements may influence beliefs, and possibly 
complicate detecting a relationship with noticing. Noelle’s field placement teacher emphasized 
students’ thinking and allowed students to engage with mathematical tasks. By the end of the 
semester, Noelle placed a higher value on listening to students’ ideas and understanding 
students’ solutions. Comparatively, Sarah started the semester with a high value on listening to 
students’ ideas but then moved away from that at the end of the semester. Her only experience 
observing math instruction was with a teacher who attempted and then ultimately decided not to 
implement problem-based instruction. In her response to the SBI instruments, Sarah indicated a 
move away from prioritizing student’s thinking, which may have been influenced by her field 
experiences. However, when discussing teaching in her future classroom, she indicates that she 
prioritizes understanding student’s thinking. If Sarah does genuinely hold these seemingly 
contradictory beliefs, it may complicate being able to measure the relationship between beliefs 
and noticing. As discussed previously, PSTs’ beliefs, experiences, and knowledge work together 
to inform their decisions. As such, it is difficult to discern how these experiences may have 
changed their beliefs about students’ thinking in math instruction, possibly without them 
realizing it.  
Drawbacks of the Noticing Assessment 
The hypothetical nature of the noticing assessment. The hypothetical nature of the 
noticing assessment may be a complicating factor that could make it difficult to detect a 
relationship between PSTs’ beliefs and their response to students’ thinking. It was necessary for 
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the study design for all PSTs to witness the same classroom interaction at the start and end of the 
semester. Using a video of students engaged in a math task was the only practical way to 
accomplish this. However, this makes the response to students’ thinking hypothetical. While the 
interpretation of what a student is doing would be comparable if a PST was in a classroom or 
watching a video, responding while in a classroom would likely look quite different than the 
hypothetical questions PSTs posed in the noticing activity. It is almost certain that if the PSTs 
were witnessing the same interaction from the Pattern Block Video in a classroom, many of the 
PSTs would choose not to ask the student a question at all. Given that the noticing assessment 
asked, “What question(s) would you ask the student, if any?”, PSTs likely felt required to ask a 
question (only one of the PSTs at the start and end of the semester decided not to ask a question).  
The hypothetical nature of the way PSTs would respond to students’ thinking may make 
it more difficult to detect a relationship between MKT and responding that may exist in a 
classroom. For example, it is possible that PSTs with higher MKT may watch what the student is 
doing in a classroom and believe that they understand precisely what the student is doing, and 
consequently decide not to engage with the student or ask a question. On the other hand, a PST 
with lower MKT might watch the same student work on a math task and stop to ask about the 
students’ thinking because they genuinely are not sure what the student is doing. I investigated if 
this relationship was detectable with the responding coding for reviewing or extending students’ 
thinking discussed at the start of Chapter 4. I hypothesized that the PSTs with lower MKT scores 
might be more likely to ask questions to review the student’s thinking since they may not have 
understood what she is doing, while those with higher MKT may ask a question to extend her 
thinking since they are better able to interpret her thinking. However, no such relationship was 
statistically identifiable.  
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It is possible that the PSTs did not feel comfortable asking questions that demonstrated 
that they were unsure what the student was doing. For instance, Noelle, who was highlighted as a 
case in relation to her practicum, shared in her group discussion of the Pattern Block Video at the 
start of the semester: 
I wasn’t able to follow what she was doing. Maybe I’m stupid, but that made absolutely 
no sense to me. Why wouldn’t you just multiply 2/3rds by 2 and get 4/6, subtract 1, get 
3/6, then reduce the fraction and get ½? 
 
As shared in Figure 5.5, Noelle wrote that she would respond to the student by asking, “Can you 
solve the problem without using shapes? So that I can see if she can use numbers, which is 
right.” Knowing that Noelle did not understand what the student was doing in the Pattern Block 
video, this question seems to indicate that she was asking the student to solve the problem in a 
way that Noelle understood. However, if I did not have her recorded group conversation where 
she shared her apprehension about understanding the student’s thinking, it would not be clear 
that this is the probable intention of the question from her written response alone. In a classroom 
situation, Noelle may have felt more comfortable asking the student to simply explain her 
thinking, or she may have asked the question she wrote on the noticing assessment. Thus, the 
hypothetical nature of the responding component may have had a notable impact on detecting 
relationships that may exist between beliefs and noticing.  
Unfamiliarity with and assumptions about the student. By the nature of the noticing 
assessment, the PSTs did not know the student in the video. In discussing her views of the video 
activity during her interview, Jenna commented:  
I feel like you just have to be there. I don’t know this kid, so like how am I supposed to 
know what I should ask them? Because I don’t know them as a student, you can’t really 
ask them what they’re thinking.  
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This highlights an important consideration that was not addressed in this study, that teachers 
make teaching decisions, like what questions to ask, based on their relationship with and 
impression of the student. Since the PSTs in this study did not know the student in the short 
video, their hypothetical response to students’ thinking was often based on assumptions about the 
student. As discussed in the methods chapter, such comments included statements such as: “She 
isn’t very confident.”, “She’s a visual learner if I ever saw one. She probably couldn’t have 
explained it with the numbers alone.”, “She is a better visual learner than conceptual.”, and 
“She’s kind of bossy.” At the start of the semester, 58% of the PSTs included unsupported 
judgments about the student in either their interpretation of or response to the student’s thinking. 
At the end of the semester, 23% of the PSTs made such comments. While the frequency 
decreased over the semester, there was a substantial number of PSTs who felt it was necessary to 
include such comments in their assessment of the students’ thinking or in their justification of the 
question they would pose.  
 Although there was no statistical relationship between if a PST included an unsupported 
judgment and their MKT or Likert belief responses, qualitative evidence suggests some ways in 
which such comments may be related to the PSTs’ knowledge, beliefs, or both. It is possible that 
PSTs with lower MKT felt the need to write something, and without understanding what the 
student was doing mathematically, they made broad judgments about the student. For example, 
Kaci was one standard deviation below the mean MKT score at the start of the semester and 
approximately one standard deviation above the mean score at the end of the semester. At the 
start of the semester, she stated in her interpreting response: 
She immediately turned the numbers into shapes that fit together, like a rhombus, 
hexagon, and triangle. She is a visual learner. She needs to do math with shapes and not 
with numbers.  
 
 171 
Then, in her group discussion at the start of the semester, Kaci shared, “I had a hard time 
understanding what she was doing.” It is possible that without understanding what the student 
was doing, Kaci reported what she was sure of, that the student was using shapes. Then, when 
interpreting that action, she thought it meant that the student was a “visual learner.” She may not 
have had anything else to write because she did not understand what the student was doing 
mathematically. At the end of the semester, Kaci did not state in her group discussion of the 
Pattern Block Video that she had trouble understanding what the student was doing. Her 
response to the noticing activity had notably changed and no longer included the judgment about 
the student’s need to do math visually:  
The girl thought about the problem in terms of pattern blocks. She knows that a rhombus 
is like 1/3 of the hexagon and 1/2 of the rhombus is 2 triangles. From this video I learned 
that the girl has a very good understanding of how the manipulatives relate to the 
fractions. She is also good at explaining her reasoning to her partner and can work 
through the problem aloud while also showing her partner how she did it with the pattern 
blocks 
 
It is also possible that unsupported judgments were related to the PSTs’ beliefs. As 
discussed earlier in this chapter with the SBI Situation 2, which related to instructional planning, 
PSTs across the sample discussed the need to consider students’ “learning styles.” The high 
prevalence of this response indicated that it may have been addressed in previous coursework. 
As the PSTs believed it is important to consider students’ learning styles in instructional choices, 
some PSTs may have felt it was necessary to decide what type of learner the student in the video 
was. Since these unsupported judgments may be in relation to the PSTs’ MKT or beliefs, or a 
combination of the two, it may have been difficult to detect a statistically significant relationship.  
 Figure 5.9 highlights how the PSTs in the focal and comparison sections changed over 
the semester in their written unsupported judgments. The graphs show that 52% of the PSTs in 
the focal section and 39% of the PSTs in the comparison sections changed from writing 
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unsupported judgments at the start of the semester to not including such comments at the end of 
the semester. Additionally, 8% of the PSTs in the comparison sections did not make such 
comments at the start of the semester but did at the end of the semester. The differences between 
the focal and comparison sections were not statistically significant. However, the findings 
presented suggest that possibly with a larger sample in the focal section, there may be a 
relationship. If so, PSTs’ participation in the noticing activities may have helped them focus less 
on general assumptions about the student and more on her mathematical thinking. 
 
Figure 5.9. Proportion of PSTs in the focal and comparison sections that made less, 
the same number, or more unsupported judgments at the end of the semester 
compared to their responses at the start of the semester. 
 
Summary of Findings for Guiding Question 2 
 
The findings presented in this section provided a deeper understanding of some reasons 
why the measures of PSTs’ beliefs may not have correlated with their noticing of students’ 
thinking. The measurement of PSTs’ beliefs through the Likert items and SBI may have been 
problematic given the lack of variation in beliefs for either measure. All PSTs may have 
genuinely held beliefs related to valuing student’s thinking, instilled by previous course work. 




Comparison Sect ions Focal  Sect ion
Less Unsupported Judgements No Change More Unsupported Judgements
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and consequently responded in ways that were not reflective of their actual beliefs. Additionally, 
as presented with Noelle and Sarah, there were other factors, such as the practicum experience, 
that may have influenced PSTs’ beliefs, and caused contradictions between their stated beliefs 
and how they would respond to students’ thinking. The hypothetical nature of the responding 
component of the noticing activity may have been particularly limiting in identifying a 
relationship since PSTs’ written responses may not be not reflective of what they would do in an 
actual classroom setting.  
Taken together, the findings suggest that the ways in which beliefs and noticing, 
particularly responding, were measured in this study likely limit the conclusions that are able to 
be drawn. This aligns with prior research that indicates that PSTs’ beliefs can be particularly 
difficult to capture accurately (Speer, 2005). The qualitative evidence presented in this chapter 
can inform future attempts to measure PSTs’ beliefs and to capture meaningful variation in their 
responses. Further suggestions for future research are addressed in Chapter 6.  
Summary of Chapter 5 
This chapter addressed two guiding questions that were grounded in the statistical 
findings presented in Chapter 4. These analyses provide a more nuanced picture of the 
relationship among PSTs’ MKT, beliefs, and noticing of students’ math thinking, along with 
some difficulties of measuring these constructs with PSTs.  
The first question investigated why PSTs’ growth in MKT predicted growth in their 
interpretation, particularly for the focal section. The analyses presented in this chapter suggest 
that the noticing activities may have contributed to the relationship between growth in MKT and 
growth in interpretation of students’ thinking. First, I analyzed how change in PSTs’ MKT was 
related to change in interpretation by analyzing group discussions of the Pattern Block Video. As 
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Figures 5.1 and 5.2 display, groups with larger changes in MKT had a greater increase in the 
amount of the discussion that was devoted to considering the student’s thinking and their 
analysis was more specific at the end of the semester. The Small and Medium Change groups 
had similar MKT scores at the end of the semester, but the group that grew more in their MKT, 
the Medium Change group, demonstrated more growth in the way they analyzed students’ 
thinking.42 
I highlighted two PSTs, Harper and Sarah, to illuminate why PSTs with larger gains in 
MKT may have larger gains in interpretation, particularly in relation to the noticing activities. 
Harper and Sarah discussed how their own experiences as a math student were mostly 
traditional, favoring the use of procedures over conceptual understanding. During the methods 
course, they grew in their conceptual understanding by engaging in problem-based math 
instruction while participating in the video noticing activities that provided examples of students 
successfully engaging in the same type of instruction. Having had their own experiences with 
learning math this way in the methods course, which resulted in their own improved 
understanding of the content, the videos may have provided a way to see that this type of 
instruction was feasible in an elementary classroom.  
Additionally, the focal and comparison section differed considerably in the way they 
described how their observation of students changed over the semester. PSTs in the comparison 
section, who did not participate in noticing activities during the semester, were more likely to 
discuss changes in how they viewed math content or instruction. Contrastingly, PSTs in the focal 
section were more likely to address how their view of listening to and understanding students’ 
                                               
42 The group with a Large Change in their MKT did not have comparable MKT scores at the end 
of the semester. They had a mean MKT of 15.5 compared to mean MKT scores of 11.5 and 11.3 
in the Small and Medium Change groups. 
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thinking had changed over the semester. This finding provides evidence that the noticing 
activities may be at least one reason why PSTs who grew in their MKT in the focal section also 
grew more in their interpretation of students’ thinking.  
In sum, there is evidence that the noticing activities may have contributed to different 
course experiences that helped make PSTs more attentive to students’ thinking. As demonstrated 
in the cases, this may have been particularly profound for the PSTs who made notable gains in 
their MKT over the semester, as they were learning the fraction concepts for themselves. Perhaps 
the PSTs that grew in their MKT had new knowledge of fraction concepts and were better able to 
make sense of student’s thinking. Then, the support of the noticing activities could have shown 
those PSTs that not only were they capable of understanding students’ thinking, but that 
students’ mathematical ideas are worth making sense of.   
 The second guiding question attempted to shed light on why PSTs’ beliefs were relatively 
unrelated to their noticing in the quantitative analyses. I investigated how both the beliefs and 
noticing assessments limited the ability to identify this hypothesized relationship. To understand 
if PSTs’ beliefs were related to PSTs’ response to students’ thinking in ways that the Likert items 
did not detect, I discussed PSTs’ responses to items on the SBI. However, these items did not 
indicate enough variance in PSTs’ beliefs to be useful to identify a relationship with noticing. 
Through these analyses, I discovered possible ways to improve these items for future use, which 
will hopefully be able to capture a larger variety in PSTs’ beliefs.  
However, even when adjusting these items, it may still be difficult to meaningfully 
measure such beliefs well for a few reasons. First, there was evidence from PSTs’ SBI answers 
that previous coursework may have influenced their responses. Specifically, the PSTs espoused 
strong belief in the value of students’ thinking, making it difficult to detect differences or 
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variance in their responses. Additionally, there was evidence that PSTs either held inconsistent 
beliefs, or they did not respond to the beliefs instruments in ways that reflected their actual 
beliefs, since they knew the “right” beliefs from past courses. Another complicating factor in 
measuring PSTs’ beliefs is how they change based on experiences, such as a simultaneous 
practicum. Noelle and Sarah had different practicum experiences, which may have contributed to 
Sarah seemingly “regressing” in her beliefs and putting less value on students’ thinking. 
However, when discussing her beliefs in her interview, she was seemingly contradictive, highly 
valuing students’ thinking in her future math instruction.  
 Finally, I discussed how the hypothetical nature of the noticing assessment might have 
made it difficult to detect relationships that may exist in an actual classroom setting. While this 
assessment was consistent with past research, this study highlights that the responding prompt, in 
particular, created an artificial classroom setting. The prompt directed PSTs to ask the student a 
question, even if they would not have done so in a classroom situation. The artificial 
measurement likely distorted what the PSTs’ responses would have been in light of the student’s 
thinking, making it difficult to detect what actual relationship may exist.  
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CHAPTER 6: DISCUSSION AND CONCLUSIONS 
What teachers see and understand in a classroom environment is not directly observable, 
but it impacts their teaching choices and other classroom practices (Jacobs & Spangler, 2017). 
As novice teachers tend not to notice mathematically salient events, it is necessary for teacher 
education to understand not only what elementary PSTs notice, as past research has done (Jacobs 
et al., 2010; Star & Strickland, 2008), but also why PSTs notice what they do. Studies that have 
examined how elementary PSTs’ knowledge, beliefs, or experience may be related to their 
noticing have often been limited by a lack of coherence amongst measures, particularly in 
measuring knowledge (Flake, 2014; Thomas et al., 2017). By measuring PSTs’ MKT of fraction 
concepts, assessing PSTs’ noticing with a video of a student explaining her solution to a fraction 
task, and using fraction concepts for the Situational Beliefs Instrument (SBI), I hoped to be able 
to detect relationships among PSTs’ MKT, beliefs, and noticing that, while exist theoretically, 
have been largely unidentifiable in prior empirical studies.  
Past research that explored the relationship between PSTs’ beliefs and noticing 
hypothesized that the lack of a statistical relationship may have been due to the studies assessing 
the wrong type of PSTs’ beliefs (Fisher et al., 2014). Those studies had focused mainly on 
beliefs about PSTs’ self-efficacy, math confidence, and enjoyment of math. For this study, I 
combined two established Likert-scale assessments to develop a pool of items to assess PSTs’ 
beliefs about the role of children’s thinking in math teaching. To capture a more qualitative 
description of the PSTs’ beliefs about the role of children’s thinking in math instruction, I 
created the SBI through a pilot study. The addition of the SBI allowed me to capture a more 
nuanced description of PSTs’ beliefs over the semester than the Likert items alone, while still 
assessing beliefs for statistical analyses to use in identifying quantitative patterns. 
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The longitudinal design of this study allowed for the investigation of how PSTs’ MKT, 
beliefs, and noticing changed in relation to each other over time. This permitted me to start to 
understand the complex nature of the interplay of these factors by investigating how change in 
MKT and beliefs related to growth in noticing of students’ mathematical thinking. Such analyses 
provide evidence for ways to support changes in elementary PSTs’ noticing in teacher education 
programs. Also, this study had two groups of elementary PSTs, the comparison and focal 
sections. Only the focal section participated in additional noticing activities over the semester, 
which allowed me to investigate how the noticing activities may have supported PSTs in 
increasing their noticing of students’ mathematical thinking, particularly in relationship to 
changes in the PSTs’ knowledge and beliefs.  
In this chapter, I first briefly review the quantitative findings and present a revised 
version of the conceptual framework presented in Chapter 1. Then I summarize the qualitative 
findings from Chapter 5. Next, I address the limitations of this study followed by implications 
for teacher education and research. 
Quantitative Findings 
PSTs’ Interpretation of and Response to Students’ Mathematical Thinking 
As discussed in the Methods Chapter, due to the realities of the data and the difficulty in 
reliably parsing the PSTs’ attention to and interpretation of students’ mathematical thinking for 
this sample, I combined the components of attention to and interpretation of students’ 
mathematical thinking. To ground the results in an understanding of how PSTs’ interpretation of 
student’s thinking was related to their response to student’s thinking, I conducted ordinal 
regression analyses to determine the relationship between the two noticing components. 
Statistical results indicated that generally, PSTs who scored higher in interpretation were more 
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likely to score higher in their response to students’ thinking both at the start and end of the 
semester. Furthermore, changes in interpretation predicted changes in responding. These results 
suggest that noticing may indeed be in phases, where a teacher must first attend to and interpret 
students’ thinking before they can respond to it, as past research has often suggested or implied 
(Bruckmaier et al., 2016; Jacobs et al., 2010; Santagata & Yeh, 2016; Pankow et al., 2016; 
Scheiner, 2016).  
Additionally, except for one PST, all PSTs who interpreted at the highest level (2) always 
scored at least a 1 in the response to the student’s thinking. This indicates that the PSTs in this 
sample who interpreted students’ thinking with specific connections between students’ actions 
and thinking always indicated that they would respond to the student with a question that was 
connected to their thinking. Sánchez-Matamoros, Fernández, and Llinares (2019) found a similar 
result with secondary PSTs, where the PSTs who interpreted at the highest level also responded 
at the highest level.  
However, although noticing is generally considered to occur in phases, where a teacher 
must first attend to, then interpret, and finally respond to students’ mathematical thinking, there 
were some PSTs who scored a zero in their interpretation of the student’s thinking, but then 
scored above a zero in their responding to student’s thinking. In other words, some teachers 
responded with a focus on students’ thinking even though they did not seem to attend to or 
interpret student talk with an eye toward their thinking. This is discussed in the implications for 
future research later in this chapter. 
PSTs’ MKT and Noticing 
The PSTs made statistically significant gains in their MKT scores over the semester. 
Ordinal regression analyses identified statistically significant relationships between PSTs’ MKT 
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scores and their noticing of students’ mathematical thinking. In addition to participants’ MKT 
scores being associated with their interpretation at the start and end of the semester, growth in 
participants’ MKT predicted growth in their interpretation of students’ mathematical thinking, 
primarily in the course section that participated in noticing activities. However, PSTs who scored 
higher on the MKT assessment were not statistically more likely to respond to students’ 
mathematical thinking at higher levels. There may be a weak relationship between the two, 
because PSTs with higher MKT were more likely to score higher in their interpretation, and 
PSTs who scored higher in interpretation were more likely to score higher in their response to the 
student’s thinking. 
PSTS’ Beliefs About the Role of Children’s Thinking in Math Teaching and Noticing 
The PSTs demonstrated statistically significant growth in all factors of the Likert 
assessment of beliefs over the semester. Although this indicates there was change in PSTs’ 
beliefs, the high Likert scores at the start of the semester made it difficult to detect growth in 
relation to their noticing over the semester. I used ordinal regression analyses to determine how 
the PSTs’ scores on the Likert responses items related to their noticing of students’ mathematical 
thinking. Neither the PSTs’ mean Likert scores nor their scores on each of the four factors that 
comprise the Likert scale were statistically associated with the PSTs’ interpterion of students’ 
thinking at the start or end of the semester.  
The PSTs’ beliefs about classroom discourse were the only Likert factor or scale that was 
statistically associated with their level of responding at the end of the semester but were not 
associated with changes in responding. However, when adjusting for multiple comparisons, this 
result loses significance. There was no statistically significant relationship between the PSTs’ 
responses to the Classroom Discourse Factor at the start of their semester and their response to 
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students’ thinking. However, as discussed in the Methods Chapter, there was evidence that PSTs’ 
beliefs were less consistent and often contradictory at the start of the semester. The lack of a 
statistical relationship could be due, in part, to the PSTs’ unfamiliarity with language common to 
math education (Speer, 2005), especially at the start of the methods course.  
PSTs’ Experiences and Noticing 
At the start of the semester, the PSTs were asked about their secondary and post-
secondary math courses. PSTs who were required to take a remedial math course before their 
elementary math content course were more likely to score lower in their interpretation of 
students’ mathematical thinking at the start of the semester than their peers that did not have to 
take remedial math courses. This finding mirrors the statistical relationship between PSTs’ MKT 
and interpretation, where depth of math knowledge is related to the PSTs’ ability to interpret 
students’ mathematical thinking. By the end of the semester, there was no longer a statistically 
significant relationship between having taken remedial math courses and interpretation scores. 
This suggests that experiences in the math methods course may have made up for the difference 
in math background.  
A large proportion of the PSTs successfully completed AP Calculus courses in high 
school and/or took Calculus or other advanced math courses in college. It is notable that neither 
high school nor postsecondary advanced math coursework was statistically associated with the 
PSTs’ interpretation at the start or end of the semester. Additionally, approximately 75% of the 
PSTs previously took the math content course, with the remaining PSTs either enrolled in it 
during the same semester as the methods course, or not taking it at all because they were in a 
different certification program. Having successfully completed the elementary math content 
course before the methods course was also not statistically associated with higher levels of 
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interpretation at the start or end of the semester. Taken together, these non-statistically 
significant results suggest that content knowledge alone or being traditionally “good at math” 
may not be enough for PSTs to engage in interpreting students’ mathematical thinking. 
Dunekacke et al. (2016) had similar results with preschool teachers, where mathematical content 
knowledge alone did not predict participants’ perception of students’ thinking. The MKT 
assessment measured more “types” of knowledge beyond common content knowledge, which 
would be most associated with content courses and advanced math courses. Consequently, it is 
reasonable that there is a relationship between scores on the MKT assessment and PSTs’ 
interpretation of students’ thinking while there is not one between higher level math courses or 
having previously taken the content course and PSTs’ interpretation.  
Statistical analyses indicated that at the end of the semester, when PSTs had rarely 
observed math instruction in their practicum placement, they were also more likely to score 
lower in their level of interpretation than their peers who had observed math instruction more 
frequently. There was also some qualitative evidence from two cases that demonstrated how 
PSTs’ practicum experiences may have been related to some changes in their noticing of 
students’ mathematical thinking. It might be that the PSTs who were unable to observe math 
instruction did not have the opportunity to practice noticing students’ math thinking “in-the-
moment” and therefore scored lower than their peers who had more practice watching students 
engage in math thinking.  
Revised Conceptual Framework 
In light of these statistical findings, I adjusted the conceptual framework presented in 
Chapter 1 with several changes (see Figure 6.1). First, as discussed in the Methods Chapter, I 
collapsed attending to and interpretation of students’ mathematical thinking into one category 
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due to the nature of the PSTs’ responses. Some suggest that attending to and interpretation of 
student’s thinking may be difficult to distinguish and argue that they happen essentially 
instantaneously and are inseparable of each other (Colestock & Linnenbringer, 2010; Jacobs et 
al., 2011; Richards & Robertson, 2016; Sherin et al., 2011). Also, I drew an arrow to indicate 
that the PSTs’ interpretation of students’ thinking was predictive of their response of students’ 
thinking. Next, I drew an arrow from “Increase in MKT” to “Increase in PSTs’ Attention to and 
Interpretation of Students’ Math Thinking” to reflect the statistical relationship between growth 
in MKT corresponding to growth in interpretation. Then, since this relationship existed primarily 
in the focal section, I indicated the importance of the role that specific noticing activities seemed 
to play in this relationship between PSTs’ increase in MKT corresponding with an increase in 
their interpretation of students’ thinking, primarily in the focal section, by fading out the 
comparison sections. Finally, I drew a dashed line from “Increase in PSTs’ beliefs” to “Increase 
in Response to Students’ Math Thinking” since this study provided some evidence to support this 
connection, but it was not definitive, perhaps due to the challenges in measuring the PSTs’ 
beliefs discussed in Chapter 5.  
 





 Solely relying on statistical evidence to understand elementary PSTs’ noticing risks 
reducing the complexity of the interaction of PSTs’ beliefs, knowledge, and experiences as well 
as the practice of noticing. In his commentary on noticing research, Mason (2016) cautioned: 
Although cause-and-effect is a mechanism that enables people to make accurate 
predictions about the functioning of machines, it simply does not work for me as a 
mechanism when human beings are involved…there is much more to human beings than 
their automaticities (p. 225).  
Although statistical testing may indicate relationships, it is critical to acknowledge that these 
relationships happen within the complexity of each elementary PST. The combination of all that 
makes each PST who they are, including their knowledge, beliefs, and experiences, and other 
factors that were not investigated in this study—such as various interpretive frames like 
pressures of educational policy or instructional norms—are simultaneously acting on the PST 
and likely influencing what they see, interpret, or how they respond to a classroom situation 
(Jessup, 2018; Santagata & Yeh, 2016; Sherin & Russ, 2015). The mixed methods design of this 
study allowed me to build a more complete understanding of the complexity about how these 
factors act as mediators in PSTs’ noticing of students’ mathematical thinking than possible from 
quantitative analyses alone. In Chapter 5, to understand and contextualize the statistical results 
from Chapter 4, I examined why growth in MKT was associated with growth in Interpretation 
primarily in the focal section and presented data explaining why the beliefs instruments may not 
have revealed stronger relationships to PSTs’ noticing.   
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The Relationship Among PSTs’ Growth in MKT and Interpretation, and Their 
Participation in Noticing Activities 
The results presented in Chapters 4 and 5 indicated that the PSTs’ growth in MKT 
predicted growth in their interpretation of students’ thinking, primarily for those who 
participated in noticing activities. When describing how they changed in their observation of 
students over the semester, the PSTs in the focal section were more likely to mention explicitly 
that they changed in ways related to their noticing of students’ thinking, such as listening to 
students’ ideas or understanding the importance of asking students to explain their thinking.  
The analyses of the group conversations at the start and end of the semester provided 
evidence about how all groups in the focal section grew in the proportion of the conversation that 
was dedicated to discussing students’ actions and thinking, moving away from making 
comments about students’ characteristics and their own approaches to the problem. Additionally, 
the PSTs’ discussions shifted to include more detailed comments on students’ actions and 
thinking and less on …. These changes were especially pronounced in the groups that 
demonstrated larger growth in their interpretation over the semester compared to those with less 
growth.  
The cases highlighted how the videos for the noticing activities demonstrated how 
elementary students could make sense of mathematics without a teacher directing how to solve a 
problem and may have acted as a type of proof for the PSTs that students could participate in 
learning through problem-solving.43 If this is the case, then it is possible that exposure to 
                                               
43 The proof provided by the videos may be particularly profound for the PSTs who had lower 
MKT scores because students in lower tracks for math courses tend to have less opportunities to 
engage with mathematically rich tasks than their peers in higher tracked math courses (Stiff, 
Johnson, & Akos, 2011).  
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students working on math tasks in conjunction with increases in MKT, may be beneficial for 
improving PSTs’ interpretation of students’ math thinking. This does not imply that watching a 
few videos while increasing PSTs’ MKT is guaranteed to increase PSTs’ interpretation of 
students’ thinking. Instead, these results indicate that it may not have solely been PSTs’ MKT 
that was involved with their changes in interpretation (as shown by the lack of relationship in the 
comparison sections). The videos may have helped solidify PSTs’ understating of how young 
children can engage with math and make sense of mathematical tasks and that they, as teachers, 
are capable of understanding the complex ways that students solve problems. 
The Challenge of Capturing PSTs’ Beliefs 
As discussed at length in Chapter 5, it was challenging to assess the PSTs’ beliefs about 
the role of children’s thinking in math teaching. The Likert items presented difficulties in 
capturing growth because the PSTs scored very high at the start of the semester, leaving little 
room for growth. The Situational Beliefs Instrument (SBI) was intended to capture beliefs 
qualitatively, as an addition to the Likert items. However, as presented in Chapter 5, PSTs’ 
responses to these items at the start of the semester similarly allowed little room for PSTs to 
demonstrate a change in their beliefs. This could be because these beliefs were addressed in their 
prior education courses, and as a result the PSTs may have genuinely placed a high regard on the 
role of students’ thinking in instruction. However, I also presented a portion of two PSTs’ 
discussion that indicated they may have not accurately portrayed their beliefs in the assessments 
or the discussion, or they may have held contradictory beliefs. It is possible that given past 
coursework, some PSTs may have known the “right” beliefs and answered to reflect those 
beliefs, even if they did not genuinely subscribe to them.  
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Although some have found consistency amongst beliefs for practicing elementary 
teachers (Stipek et al., 2001), math beliefs can be more inconsistent and even contradictory at the 
start of a methods course (Thomas et al., 2016). Speer (2005) posed that perceived inconsistency 
in teachers’ beliefs may be attributed to the difference in language between the researcher and 
the participants. In other words, beliefs may appear inconsistent in the assessment, but actually 
result from a language barrier between the intended and interpreted question.  
Limitations 
Although 92 PSTs participated in the study and was a large enough sample to satisfy 
statistical assumptions, this was a single-site study. Demographically, the study participants 
broadly reflected the national teaching population, with the PST sample containing mostly white 
females (Taie & Goldring, 2017). However, almost 30% of the participants successfully 
completed AP Calculus in high school and were admitted to a large research-intensive university, 
meaning that the PSTs in this study may have had knowledge, beliefs, or experiences that 
differed from most elementary PSTs nation-wide.  
Additionally, all data about experiences, including past math courses, teaching 
experiences, and practicum experiences were self-reported and therefore may or may not have 
accurately reflected their experiences. Although I conducted a small pilot study with Likert and 
SBI items, the participants in the pilot studies were further along in the same program than the 
sample participants and had already taken both math methods courses. As such, they may have 
had a different understanding of the prompts and questions than the participants for this study. 
It is possible that as the instructor of the focal section, my relationship to the study and 
with the PSTs influenced the results. As I was personally concerned with noticing students’ 
thinking, I may have brought noticing-type language and discussions in the classroom that I was 
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not consciously aware of. For instance, when PSTs were sharing about observing students in 
their field placements, I may have naturally asked about the students’ thinking. I did not record 
all class periods, so I have no way of knowing if and how many such conversations I may have 
had, and how they might have differed from conversations in non-focal sections. However, it is 
likely that such conversations may have also taken place within the other course sections. In our 
weekly instructor meetings, the other instructors and I frequently discussed our students’ 
practicum and how we were attempting to connect what they were seeing in classrooms to the 
methods courses. Additionally, all instructors emphasized the importance of building on 
students’ mathematical thinking in the course. As discussed several times previously, the PSTs in 
my section knew they were participating in my research for my dissertation and consequently 
may have felt compelled to perform their best on the assessments, while their peers in other 
sections may not have felt the same pressure. However, this alone would not necessarily explain 
why PSTs’ gains in MKT were related to gains in interpretation more strongly in the focal 
section.  
It is also possible that changes in interpretation scores were merely a result of PSTs 
learning the “correct” language to speak about students’ thinking over the semester. With 
practice during the noticing activities, PSTs in the focal section may have grown in the 
sophistication of the language they used to discuss noticing students’ math thinking. However, as 
the analysis of the PSTs’ discussions at the start and end of the semester suggested, the PSTs’ 
conversations focused more on students’ thinking and were more specific to students’ thinking 
by the end of the semester, particularly for groups with the largest gains in MKT. In other words, 
not only how they discussed the students’ thinking changed, but also how much they discussed 
students’ thinking shifted. Hence, it seems plausible that the PSTs in the focal section did benefit 
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from the noticing activities and may have led to a tighter coupling between increased MKT and 
increased noticing compared to the PSTs in the comparison sections. 
In Chapter 5, I discussed some of the limitations of the noticing measure. Of particular 
concern is the hypothetical nature of the assessment, which allowed PSTs to consider and write 
responses that may not reflect their habitual response that would occur in-the-moment in a 
classroom setting. Also, using an open-ended, written response to prompts does not necessarily 
capture exactly what the PSTs were thinking. Although such an assessment is commonly used to 
measure the noticing of students’ mathematical thinking (Jacobs & Spangler, 2017; Stahnke et 
al., 2016), it is actually measuring what participants noticed and deemed important to record. 
PSTs may have attended to or interpreted students’ thinking in ways that they chose not to 
record. Consequently, there may have been ambiguity in PSTs’ written answers that did not 
actually exist in their thinking. Possibly semi-structured interviews while participating in a 
noticing activity may provide more insight on differences and similarities between what PSTs 
write down and what they actually noticed.  
Additionally, while using a numerical rubric is common to indicate the level of 
sophistication in assessing noticing (Roth McDuffie et al., Jacobs et. al, 2010; Kersting et al., 
2016) by assigning rich written responses to a rubric score, much of the nuance between different 
levels of noticing is lost. As Scheiner (2016) comments, “quantitative instruments that symbolize 
teachers’ noticing with a number on a scale provide a general orientation for, but fall short of, 
explaining phenomena of modest complexity” (p. 231). I attempted to account for this by also 
analyzing the PSTs’ responses using example cases in Chapter 5. Although numerical scoring of 
the noticing assessment could provide only a broad overview of trends, the complexity of PSTs’ 
responses was still considered via the more qualitative analyses of the data. 
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Implications 
Implications for Teacher Education 
This study informs preservice elementary teacher educators about why PSTs may notice 
the students’ mathematical thinking that they do, including how their knowledge, beliefs, and 
experiences are related to their noticing. Ideally, PSTs should be competent in numerous 
teaching practices, such as leading classroom discussions, lesson planning, and creating 
formative and summative assessments, to name a few. Although noticing students’ math thinking 
is certainly a central practice for responsive teaching, and can play a role within other teaching 
practices, such as orchestrating classroom discussions, it is not the only practice that math 
teacher educators need to consider in preparing future teachers. Consequently, it may be difficult 
to devote large portions of course time to develop this practice. Similar to past research, PSTs 
who participated in activities to promote noticing of students’ mathematical thinking grew in 
their noticing of students’ thinking over the duration of their first elementary math methods 
course. Furthermore, PSTs who did not have additional noticing experiences throughout the 
course did not demonstrate the same growth in the noticing of students’ mathematical thinking 
by the end of the semester. However, compared to past research on improving elementary PSTs’ 
noticing, which has centered weeks or the entirety of courses around the practice of noticing 
(Alsawaie & Alghazo, 2010; Schack et al., 2013; Star & Strickland, 2008; Roth McDuffie et al., 
2014; Thomas et al., 2017) this study implemented a series of less time-consuming noticing 
activities. Findings offer evidence that participating in such activities promotes PSTs’ noticing of 
students’ mathematical thinking. However, unlike prior research which has taught PSTs to use 
specific rubrics, such as Cognitively Guided Instruction (Jacobs et al., 2010) or Mathematical 
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Quality of Instruction (Mitchell & Marin, 2014), the PSTs in this study were not taught how to 
notice students’ thinking as directly and still demonstrated growth in their noticing.  
These noticing activities utilized videos of authentic elementary classroom instruction 
from the Everyday Mathematics Virtual Learning Community, which allowed the PSTs to view 
actual implementation of the Everyday Mathematics curriculum. The short high-quality videos of 
students authentically engaged in mathematical tasks gave many of the PSTs in the focal section 
the opportunity to witness students thinking and reasoning mathematically in ways that they 
likely had not been exposed to previously. Some of the past research supporting PSTs’ noticing 
has used videos of one-on-one interviews or of full classroom instruction (Jacobs et al., 2010; 
Schack et al., 2013; Santagata et al., 2007; Star & Strickland, 2008). This work demonstrated the 
power of PSTs viewing and discussing videos of students speaking naturally about their 
solutions.  
Additionally, although not investigated at length in this study, several PSTs from the 
focal section discussed the power of the video observation assignment. By watching a full lesson 
implementation, the videos provided a picture of what problem-based instruction could look like 
in a classroom, while still focusing on students’ mathematical thinking. It allowed the PSTs to 
put the components of the methods course together to see how the teachers’ instruction aligned 
with promoting students’ thinking. Using high-quality videos of only students and of full class 
instruction may have allowed the PSTs to engage with students’ mathematical thinking and 
consider the role of problem-based instruction in promoting students’ thinking. This study lends 
support to the powerful role that videos can play in teacher education, especially in relation to 
promoting the noticing of students’ mathematical thinking (van Es, Cashen, Barnhart, & Auger, 
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2017). This may be especially helpful in instances were PSTs may not be able to observe such 
instruction in a field placement. 
Findings presented in Chapter 4 also demonstrate mixed results about the role of common 
content knowledge in elementary PSTs’ interpretation of students’ mathematical thinking. 
Although PSTs who were required to take a remedial math course were more likely to score 
lower in their interpretation of students’ thinking than their peers, PSTs who took a previous 
math content course for elementary education majors and those who successfully completed AP 
Calculus in high school were not more likely to interpret students’ mathematical thinking at a 
higher level than their peers. Although such courses are not necessarily measures of content 
knowledge, presumably the PSTs who were required to take a remedial course would have less 
common content knowledge than their peers and the PSTs who took AP Calculus were likely 
tracked into advanced math sequence and have higher common content knowledge than their 
peers. Additionally, the PSTs who already completed their required math content course for 
elementary majors would presumably have considerable content knowledge about fractions, as 
fraction concepts are addressed at length in the course. As there is a push for alternative 
certification of teachers, where they would often not be required to take in-depth math methods 
courses common to university-based programs, understanding the limits of PSTs’ content 
knowledge may be particularly important. The mixed results about common content knowledge 
in this study suggest that some level of common content knowledge may be helpful in noticing 
but being considered traditionally “good at math” or high achieving in math is not sufficient to 
interpret students’ math thinking at a high level.  
Furthermore, past studies’ lack of ability to detect a relationship between elementary 
PSTs’ MKT and their noticing may be due to a lack of coherence amongst their measures. In this 
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study, by centering the noticing measure and MKT assessment around fraction concepts, the 
hypothesized relationship was statistically identifiable. This suggests that noticing of students’ 
math thinking is content-specific. In other words, elementary PSTs’ MKT of number and 
operations may not be related to their ability to notice a student’s thinking while they are 
working on a fraction problem, but their MKT of fraction concepts is. This indicates the 
importance of preparing PSTs for the content in which they will teach, in understanding the 
content itself as well as the other domains of MKT, such as pedagogical content knowledge. 
Additionally, this suggests that noticing of students’ mathematical thinking is not necessarily a 
skill that a PST can learn and then transfer to all situations. Although focusing on core practices, 
such as noticing, appears to help prepare PSTs for their classrooms, it is necessary to address 
MKT, a more traditional aspect of teacher education simultaneously, to allow PSTs to enact such 
practices.  
In identifying this relationship between MKT and interpretation of students’ math 
thinking, it is also necessary to consider how teacher education can prepare PSTs to enact high-
quality math instruction in instances when they do not understand a student’s thinking. As 
demonstrated in this study, it was possible for a PST to not necessarily understand students’ 
thinking and still respond in a way that was responsive to their thinking. As the responding 
component of noticing is the enactment of noticing in the classroom, or the only observable 
component of noticing, it is necessary to consider preparing PSTs to be responsive to students’ 
thinking even in instances when they are unsure of what the student is mathematically 
understanding. This may be done through specific discourse practices or providing alternative 
ways to address such a situation. Rehearsal activities, where the PSTs practice classroom 
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situations with peers (Inoue, 2009), may be one way to support PSTs in developing how they 
respond when they are unsure about a student’s mathematical thinking.  
Implications for Research 
Given the difficulty in meaningfully capturing PSTs’ beliefs about the role of children’s 
thinking in math instruction, future research should look to improve on the measures that were 
used for this study. It is possible that there is no strong relationship between PSTs’ beliefs and 
their noticing of students’ thinking. However, to understand if there is or is not a relationship, 
elementary PSTs’ beliefs should be assessed in a different way. Rewording the Likert items to be 
more extreme (such as the addition of the words “always” or “never” in statements) may capture 
more variation. The SBI items showed some promise but may be better at capturing “authentic” 
beliefs at the start of a teacher education program before PSTs have taken other teacher 
education courses. This timing may be able to capture what they believe before they have an 
understanding of what the “right” beliefs are for teachers. Also, adding questions to the SBI 
about the ideal structure of a mathematics classroom and asking questions that are more specific 
to math instruction versus broader instructional design principles may be beneficial at moving 
PSTs beyond the “right” response to considering how these principles apply to math classrooms.  
Decades of past research have led to contradictory results regarding if teachers’ 
knowledge and/or beliefs are related to classroom instruction (Desimone et al., 2016; Spangler & 
Jacobs, 2017). The findings from this study mirror this conflict if PSTs’ response to students’ 
thinking is viewed as a proxy for classroom instruction.44 Although the statistical associations 
                                               
44 As noted previously, PSTs’ responding was completely hypothetical, and as discussed in 
Chapter 5, may or may not reflect what the PSTs would do in a classroom setting. However, 
responding is the most observable component of PSTs’ noticing, and the portion of noticing that 
is enacted within the classroom.  
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indicated that increasing PSTs’ MKT is likely associated with improving PSTs’ interpretation of, 
and potentially their response to students’ mathematical thinking, it is not necessarily the only 
way to enhance PSTs’ responses, as there were PSTs who did not interpret the students’ thinking 
and still responded in a way that would likely be considered productive. If noticing of students’ 
mathematical thinking is indeed ordered, where PSTs must first attend to and interpret students’ 
thinking, it would seem improbable to be responsive to students with consideration of their 
thinking while not fully understanding what they were thinking. This highlights a tension within 
this coding rubric, where PSTs did not necessarily have to have an understanding of what a 
student was doing to respond in a way that focused on students’ thinking. Indeed, in a classroom 
situation, a teacher can ask a rich, probing question, in an effort to understand students’ thinking 
if they cannot understand without a student explanation.  
This study provides some evidence for the framework proposed by Fisher et al. (2017) 
that synthesizes the MKT and noticing of students’ mathematical thinking frameworks, where a 
PST can be responsive to students’ mathematical thinking without understanding students’ 
thinking. However, where Fisher and colleagues proposed that this instruction may be described 
as having “limited planning, instruction driven by trial and error, and task adjustments that are 
disconnected from children’s mathematical thinking,” the cases of such PSTs in this study do not 
necessarily indicate such negative outcomes. However, the PSTs’ response to students’ thinking 
in this study was purely hypothetical.  
Future research regarding what factors may be related to elementary PSTs’ noticing of 
students’ mathematical thinking should carefully consider how noticing is measured. Using the 
hypothetical assessment presents challenges in understanding how PSTs would actually respond 
to students’ thinking. Still, using an instrument for noticing students’ thinking “in-the-moment” 
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provides its own challenges about measuring a largely internal practice of attending to and 
interpreting students’ thinking (Jacobs & Spangler, 2017). This research is further complicated 
by how noticing is a context-specific practice, and it likely relies upon teachers’ complex 
understandings of the environment, the way they frame their instruction (Sherin & Russ, 2015) 
and frame their students (Jessup, 2018). As Herbst et al. (2016) stated, “the decisions that 
teachers make are products of how individuals use personal resources to negotiate the demands 
of their instructional positions and the norms of the activities in which they play” (p. 168). With 
this in mind, it is necessary to frame the findings of this research in the broader scope of the 
many factors constantly influencing and acting upon teachers, including cultural, social, and 
personal sources.  
It seems unlikely to measure how all of these factors are related to elementary PSTs’ 
noticing, especially in a classroom setting, but future research may consider how some of these 
are related to PSTs’ noticing. In particular, the way that the PSTs in this study responded to the 
prompts by including unsupported judgments about the students, even when they did not know 
the student, indicate that the way in which they viewed the student may play a notable role in 
how they notice that student’s thinking. There are benefits and drawback to conducting this 
research in various settings. As in this study, video allows a consistent measure and large sample 
size to detect statistical relationships but misses other classroom factors that almost certainly 
impact the way that teachers see and understand students’ thinking. However, in a classroom 
context, there are many factors that would complicate measures and the ability to draw 
conclusions. As such, if this research is moved into a classroom setting to begin to understand 
other factors that may mediate PSTs’ noticing of students’ thinking, it is necessary to consider 
how to measure possible influences meaningfully and accurately. Alternatively, written 
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scenarios, analyzing student work, or animations may provide other avenues to investigate how 
various factors mediate PSTs’ noticing of students’ mathematical thinking.  
Conclusion 
 It is necessary for teacher educators to consider carefully how university-based teacher 
education can support future teachers to enact high-quality math instruction in their classrooms 
through practices such as noticing of students’ mathematical thinking. This study contributes to 
the research in this field by shedding light on an area of PSTs’ noticing of students’ 
mathematical thinking that has been largely overlooked by past work, the way that elementary 
PSTs’ MKT, beliefs, and experiences may be related to their noticing. The findings from this 
study provide an understanding that elementary teachers’ MKT, particularly in conjunction with 
experiences in noticing, may be particularly influential in PSTs’ interpretation of students’ 
mathematical thinking. Additionally, there was limited evidence that PSTs’ beliefs about the role 
of children’s thinking in math teaching was related to the way they responded to students’ 
mathematical thinking. These findings provide a deeper understanding of how to support PSTs’ 
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APPENDIX A: WEEKLY SCHEDULE FOR METHODS COURSE 
 
Class Chapters Class Topic 
1 Ch. 2 Exploring what it means to know and do mathematics 
2 Ch. 3 Teaching through problem solving 
3 Ch. 8 Developing early number concepts and number sense 
4 Ch. 9 Developing meanings for the operations 
5 Ch. 10 & 11 
Helping students master the basic facts 
Developing whole-number place-value concepts 
6 Ch. 12 & 13 Developing computation strategies for the four operations 
7 Ch. 12 & 13 Developing computation strategies for the four operations, Review 
8  Midterm 
9 Ch. 15 Developing fraction concepts  
10 Ch. 16 Developing strategies for fraction computation 
11 Ch. 16 Developing strategies for fraction computation 
12 Ch. 17 Developing concepts of decimals and percentages 
  Thanksgiving Break 
13 Ch. 17 Developing concepts of decimals and percentages 
14 Ch. 18 Proportional Reasoning 
15 Ch. 21 & 22 Data analysis & Probability 





APPENDIX B: DATA COLLECTION INSTRUMENTS 
 
Start of Semester Questionnaire 
 
1. What is your gender? 




2. What is your race or ethnicity (select all that apply)? 
q American Indian or Alaskan Native 
q Asian 
q Black or African American 
q Hispanic or Latino 
q Native Hawaiian or Other Pacific Islander 
q White 
 








5. (If you answered “Yes” to #3) What institution did you transfer from?  
 
6. Indicate the high school mathematics courses you successfully completed (select all that 
apply). 
q Algebra I 
q Geometry 
q Algebra II 
q Trigonometry 
q Pre-Calculus 
q AP Calculus  
q AP Calculus B 
q AP Calculus C 
q Multivariate Calculus 
q Statistics 
q AP Statistics 
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q Other (Please specify)  ___________________________________ 
 
7. Have you completed MATH 103? 
q Yes 
q No, but I am enrolled this semester in MATH 103. 
q No, and I am not enrolled in MATH 103 this semester. 
 





9. (Triggered by yes response to Q9) Please indicate which courses you have taken. 
q MATH 002 Introductory Algebra 
q MATH 112 Algebra 
q MATH 114 Trigonometry 
q MATH 115 Preparation for Calculus 
q MATH 117 Elementary Mathematics 
q MATH 119 Ideas in Geometry 
q MATH 124 Finite Mathematics 
q MATH 125 Elementary Linear Algebra 
q MATH 181 A Mathematical World 
q MATH 213 Basic Discrete Mathematics 
q MATH 220 Calculus 
q MATH 221 Calculus I 
q MATH 231 Calculus II 
q Other (Please specify_______________________________________ 
 




11. Which experiences, if any, have you had with teaching mathematics in the past (select all that 
apply)? 
q Peer tutoring 
q Classroom volunteer for elementary school 
q Classroom volunteer for middle school 
q Teaching internship 
q Tutoring program 
q After school program 
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q Other (Please specify) 
 
12. Please provide additional details about your past experiences teaching mathematics, such as a 
description of what you taught and for how long (ex:  math tutor in 1st grade classroom 





Likert Beliefs Items 
 




































1. Knowing how to solve a mathematics problem is as 
important as getting the correct solution.  
     
2. Providing children with interesting problems to 
investigate in small groups is an effective way to teach 
mathematics.  
     
3. It is important for children to be given opportunities to 
reflect on and evaluate their own mathematical 
understanding. 
     
4. Teachers of mathematics should be fascinated with how 
children think and be intrigued by alternative ideas.  
     
5. Ignoring the mathematical ideas that children generate 
themselves can seriously limit their learning.  
     
6. Allowing a child to struggle with a mathematical 
problem can be necessary for learning to occur.  
     
7. Children always benefit by discussing their solutions to 
mathematical problems with each other. 
 
     
8. Teacher questioning has a significant effect on 
children’s mathematical learning.  
     
9. Students justifying their mathematical statements is an 
extremely important part of mathematics.  
     
10. It is the teacher’s responsibility to provide children 
with concise solution methods for mathematical 
problems.  
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11. Mathematical material is best presented by 
demonstrating, explaining, and describing concepts and 
skills.  
     
12. Telling children the answer is an efficient way of 
facilitating their mathematics learning. 
 
     
13. I would feel uncomfortable if a child suggested a 
solution to a mathematical problem that I hadn’t 
thought of previously. 
 
     
14. It is not necessary for teachers to understand the source 
of children’s errors; follow-up instruction will correct 
their difficulties. 
 
     
15. Listening carefully to the teacher explain a 
mathematics lesson is the most effective way to learn 
mathematics. 
 
     
16. If a child’s explanation of a mathematical solution 
doesn’t make sense to the teacher, it is best to ignore it. 
 
     
17. Teachers should encourage children to find their own 
solutions to math problems even if they are inefficient. 
 
     
18. Teachers should teach exact procedures for solving 
word problems. 
 
     
19. Mathematics should be presented to children in such a 
way that they can discover relationships for 
themselves. 
 
     
20. Most young children have to be shown how to solve 
simple word problems. 
 
     
21. Memorizing number facts should come before the 
development of an understanding of the related 
operation (addition, subtraction, multiplication, or 
division).  
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22. Children will not understand an operation (addition, 
subtraction, multiplication, or division) until they have 
mastered the relevant number facts.  
     
23. Children should understand computational procedures 
before they master them. 
 
     
24. Children learn math best by listening to the teacher's 
explanations. 
 
     
25. Time should be spent practicing computational 
procedures before children are expected to understand 
the procedures.  
 
     
26. The goals of instruction in mathematics are best 
achieved when students find their own methods for 
solving problems.  
 
     
27. Teachers should allow children who are having 
difficulty solving a word problem to continue to try to 
find a solution.  
 
     
28. Most young children can figure out a way to solve 
many mathematics problems without any adult help.  
 
     
29. Teachers should allow children to figure out their own 
ways to solve simple word problems.  
 
     
30. Children should not solve simple word problems until 
they have mastered some number facts.  
 
     
31. Time should be spent practicing computational 
procedures before children spend much time solving 
problems.  
 
     
32. To be successful in mathematics, a child must be a 
good listener.  
 
     
33. Children need explicit instruction on how to solve 
word problems. 
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34. Children should master computational procedures 
before they are expected to understand how those 
procedures work. 
 
     
Note.  Items 1-16 are taken from Beswick (2005).  Items 17-34 are taken from Capraro 
(2001), which are selected items from the Mathematics Beliefs Scale (Fennema, Carpenter, 
& Loef, 1990). 
 
Situational Beliefs Instrument  
 
1. You are a fourth-grade teacher and the goal of the lesson is for students to investigate the 
concept of fraction subtraction.  You have given student groups a rich mathematical task 
where they use  manipulatives to explore fraction subtraction.  How would you use your 
time as the teacher while students are working on the task in their groups? 
 
2. Mr. Miller has been teaching second grade for over ten years and is very well respected 
in his school and district.  When Mr. Miller is planning a math lesson there are many 
different factors that might influence his decisions about what to teach and how to plan 
his lesson.  What should be the most important factors influencing what the lesson and 
what to teach?     
 
3. You are a fourth-grade teacher and the goal of the lesson is for students to investigate the 
concept of fraction addition.  You have given student groups a rich mathematical task 
where they use manipulatives to explore fraction addition.  Indicate the most important 
teacher action and the least important teacher action in facilitating students’ learning. 
g. Making sure that students stay on task and their conversations focus on 
mathematics. 
h. Making sure that student groups are working nicely together, including sharing 
manipulatives and other materials fairly. 
i. Listening to students’ mathematical ideas. 
j. Going from group to group, showing students ideas for how to approach the 
problem.   
k. Asking groups what answers they are obtaining, and telling them if they have the 
correct answers or not. 
l. Identifying which groups have reached incorrect answers and explaining the 
correct method to them.   
 
4. Why did you decide that this action was the most important? 
 
5. Why did you decide that this action was the least important? 
You are a teacher in a third-grade class.  You have assigned the following problem for students 
to work on in groups.  You are walking around your classroom to see what students are doing.  
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You come to one pair of students who are arguing about the correct solution to the problem.  





6. Several other students responded to this survey previously and provided the following 
answers.  Of the following options, which action do you think should be the first thing 
you do?  
h. Use math manipulatives (such as pattern blocks) to show James why his answer is 
incorrect. 
i.  Use math manipulatives (such as pattern blocks) to show James the correct way 
to solve the problem.  
j. Ask another student in his group to show him the correct solution. 
k. Ask James to explain his thinking. 
l. Encourage James to figure out his mistake by talking things through with his 
group and then tell him that you will come back later. 
m. Call the class together and show students one way to solve the problem. 
n. Other (please explain). 
 
7. Why did you decide to take that particular action?  
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END OF SEMESTER QUESTIONNAIRE 







q Instruction Coach (if subject specific, please specify)  ____________________ 
q Other (please specify)   ____________________ 
 
2. In your practicum this semester, did you observe math being taught? 
q Yes, almost every day I was there. 
q Yes, occasionally.  
q Yes, but I only observed it a few times. 
q No, I never observed math. 
 
3. In your practicum this semester, did you provide one-on-one or group assistance to students 
with math? 
q Yes, almost every day I was there. 
q Yes, occasionally.  
q Yes, but only a few times. 
q No, I never assisted students with math work. 
 
4. For the lessons you planned and taught as a part of your practicum, were either math lessons? 
q Yes, both. 
q Yes, one. 
q No, neither. 
 
5. If both lessons were math, what were the target concept of the math lessons you taught?   
q Lesson 1 topic: 
q Lesson 2 topic: 
 
6. If one of the lesson you taught was math, what was the target concept of the math lesson you 
taught?   
q Math lesson topic: 
 





8. If yes, please describe this teaching experience. 
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9. In what ways do you think that this course (CI 430) has changed the way you observe 




APPENDIX C: OUT-OF-CLASS VIDEO OBSERVATION ASSIGNMENT 
 
On Moodle, you will find four videos from a 5th grade class:  Introducing the problem, Solving 
the problem, Reengaging in the problem, and Revising work.  These videos are from the same 
lesson over two days and are part of the video resources available on the Virtual Learning 
Community for Everyday Mathematics.  Watch the videos and respond to the following 
questions.  This is an independent assignment.   
 
1. (8 points) Describe how the teacher launches this problem. 
2. (8 points) Is this lesson teaching for problem solving, teaching about problem solving, 
teaching through problem solving, or not using problem solving?  How do you know? 
3. (30 points) Answer the following questions for three different students working on the 
problem (for any point in the lesson): 
a. Describe the point in the lesson that you are referring to (give a video number, 
time, and a brief description of the situation). 
b. What did the student do in response to the problem being presented? 
c. What do you know about the student’s understanding of mathematics from his/her 
actions? 
d. If you were the teacher, what question(s) might you pose next? 
e. What would you hope to accomplish by asking these questions? 
4. (8 points) Describe how the teacher summarizes the problem.  
5. (20 points) On page 50 in VDW, there is a table called “Productive talk moves to support 
classroom discussions”.  Find one example of a Talk Move in each video (four total 
examples) and address the following questions for each example: 
a. Include the video number (1, 2, 3, or 4), the time of the Talk Move, the Talk 
Move 
b. Why this is an example of that Talk Move? 
c. Did this Talk Move lead students to a deeper understanding of the mathematical 
concept?  Why or why not? 
d. Is there an alternative Talk Move that could have been appropriate for this 
situation?  If so, what was it and why?  If not, why not?  
6. (15 points) Connect this lesson to the Five Practices for Orchestrating Classroom 
Discussion we discussed.  Provide five examples of how you could see some of these 
actions in practice.  Describe the situation, with the video number and time if appropriate, 
and how it demonstrates a practice. 
7. (10 points) Find two teaching moves/actions/decisions that you found interesting or 
noteworthy that you think lead to a better mathematical understanding for students.  
Describe the teaching move/action/decision and why you found them interesting or 
noteworthy and how this action/move/decision lead students to a better mathematical 
understanding of the target concept?
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APPENDIX D: FACTOR ANALYSIS OF ALL ORIGINAL LIKERT ITEMS 
 
Table D.1 
Factor Analysis of Full Likert Scale 
Item Factor 
1 2 3 4 5 6 7 8 9 10 
Children should master computational procedures 
before they are expected to understand how those 
procedures work. 
.762 .205 .076 .055 .246 -.053 .093 .032 .089 .100 
Children will not understand an operation (addition, 
subtraction, multiplication, or division) until they 
have mastered 
.752 -.021 .016 -.004 .019 .254 -.038 .065 .224 .004 
Memorizing number facts should come before the 
development of an understanding of the related 
operation (addition, subtraction, multiplication, or 
division). 
.678 .011 .031 .144 -.048 .094 .200 .026 .259 .019 
Time should be spent practicing computational 
procedures before children are expected to 
understand the procedures. 
.646 .166 -.001 .098 .240 -.067 -.073 .233 -.114 -.163 
Time should be spent practicing computational 
procedures before children spend much time solving 
problems. 
.621 .302 .132 -.065 -.157 .049 -.095 .396 -.099 .150 
Children should not solve simple word problems until 
they have mastered some number facts. 
.573 .127 -.016 -.085 -.207 -.040 .120 -.175 -.052 .358 
Children need explicit instruction on how to solve 
word problems. 
.513 .468 .275 -.125 -.217 -.029 .219 -.148 .073 .160 
Teachers should teach exact procedures for solving 
word problems. 
.156 .723 .171 .000 .007 -.025 .011 .036 .158 .263 
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Table D.1 (continued)           
Item Factor 
1 2 3 4 5 6 7 8 9 10 
Telling children the answer is an efficient way of 
facilitating their mathematics learning. 
-.023 .613 .136 .163 .191 .345 .101 -.196 .040 -.050 
Listening carefully to the teacher explain a 
mathematics lesson is the most effective way to learn 
mathematics. 
.232 .595 .076 .145 .176 .172 .133 .304 .139 -.115 
Children learn math best by listening to the teacher's 
explanations. 
.393 .592 .026 -.035 .129 .169 -.090 .405 .113 .120 
Most young children have to be shown how to solve 
simple word problems. 
.221 .543 .079 .167 -.181 .009 .410 .089 .267 -.011 
Teachers should allow children who are having 
difficulty solving a word problem to continue to try 
to find a solution. 
-.035 -.027 .744 -.006 .296 .203 .176 .161 .077 .014 
The goals of instruction in mathematics are best 
achieved when students find their own methods for 
solving problems. 
-.044 .174 .654 .059 .089 .102 .330 -.020 -.044 -.327 
Teachers should encourage children to find their own 
solutions to math problems even if they are 
inefficient. 
.117 .214 .623 .200 -.164 .045 -.037 -.055 .092 -.160 
Allowing a child to struggle with a mathematical 
problem can be necessary for learning to occur. 
.078 .063 .548 .220 .342 -.157 .229 .152 -.212 .264 
Mathematics should be presented to children in such 
a way that they can discover relationships for 
themselves. .285 .214 .509 .123 .083 .400 -.103 -.186 .026 .154 
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Table D.1 (continued)           
Item Factor 
1 2 3 4 5 6 7 8 9 10 
Providing children with interesting problems to 
investigate in small groups is an effective way to 
teach mathematics. 
.002 -.014 .497 .441 .194 .017 -.223 -.179 -.021 .251 
It is important for children to be given opportunities 
to reflect on and evaluate their own mathematical 
understanding. 
.035 .103 .067 .854 .130 .132 .017 -.006 -.041 -.047 
Teachers of mathematics should be fascinated with 
how children think and be intrigued by alternative 
ideas. 
.009 -.063 .178 .818 .088 .185 .014 .131 .027 -.034 
Ignoring the mathematical ideas that children 
generate themselves can seriously limit their learning. 
.066 .394 .069 .543 .062 .051 .229 -.205 -.151 -.077 
Students justifying their mathematical statements is 
an extremely important part of mathematics. 
.160 .229 .308 .437 .431 -.098 -.198 -.138 -.089 -.005 
Knowing how to solve a mathematics problem is as 
important as getting the correct solution. 
.107 -.073 .030 .013 .740 .124 .266 -.017 -.021 .048 
Children always benefit by discussing their solutions 
to mathematical problems with each other. 
-.085 .095 .131 .208 .645 -.075 -.126 -.084 .068 .159 
Teacher questioning has a significant effect on 
children mathematical learning. 
.087 .182 .174 .149 .584 .221 .059 -.274 -.162 -.184 
If a child’s explanation of a mathematical solution 
doesn’t make sense to the teacher, it is best to ignore 
it. 
-.011 .157 .128 .063 .064 .792 .163 .067 -.141 -.051 
I would feel uncomfortable if a child suggested a 
solution to a mathematical problem that I hadn’t 
thought of previously. 
.003 -.113 .054 .324 -.050 .704 .137 -.196 .190 .105 
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Table D.1 (continued)           
Item Factor 
1 2 3 4 5 6 7 8 9 10 
It is not necessary for teachers to understand the 
source of children’s errors; follow-up instruction will 
correct their difficulties. 
.283 .316 .100 .030 .111 .616 -.275 .081 -.028 -.087 
Most young children can figure out a way to solve 
many mathematics problems without any adult help. 
.102 .131 .165 -.015 .139 .067 .730 -.115 .023 .158 
Teachers should allow children to figure out their 
own ways to solve simple word problems. 
.186 .227 .387 .170 .093 .278 .402 -.082 .145 -.164 
Children should understand computational 
procedures before they master them. 
.167 .062 -.014 -.023 -.257 -.085 -.109 .709 -.007 .142 
It is the teacher’s responsibility to provide children 
with concise solution methods for mathematical 
problems. 
.109 .195 .074 -.188 -.043 -.025 -.022 -.144 .803 .113 
Mathematical material is best presented by 
demonstrating, explaining, and describing concepts 
and skills. 
.329 .217 -.032 .116 -.007 .001 .158 .295 .635 -.091 
To be successful in mathematics, a child must be a 
good listener. 






APPENDIX E:  NON-SIGNIFICANT QUANTITATIVE ANALYSES 
 
Table E.1 
Ordinal Regression Results:  Likert Beliefs Predicting Level of Interpretation 
 Start of the Semester End of the Semester 







Composite Beliefs 2.89 .09 2.90 2.09 .15 2.27 
F1: Teacher Telling .74 .39 1.34 3.33 .07 1.86 
F2: Students’ Thinking .76 .58 1.2 .16 .69 1.23 
F3: Productive Struggle .00 1.00 1.00 .73 .39 1.36 





Ordinal Regression Results:  Changes in Beliefs Predicting Changes in Responding Full 
Models 
Parameter Wald Chi-Square Sig. Odds Ratio 
Composite Beliefs Model (p = .73)    
Comparison Section 1.08 .30 .51 
Change in mean of Composite Beliefs .33 .57 .43 
Interaction of Comparison and Change in Beliefs .74 .39 4.50 
    
F1: Teacher Telling Model (p = .66)    
Comparison Section .79 .38 .59 
Change in mean of F1 .88 .45 .41 
Interaction of Comparison and Change in F1 .43 .51 1.99 
    
F2: Students’ Thinking Model (p = .61)    
Comparison Section .78 .38 .65 
Change in mean of F2 .88 .35 .48 
Interaction of Comparison and Change in F2 1.36 .24 3.14 
    
F3: Productive Struggle Model (p = .83)    
Comparison Section .43 .51 .67 
Change in mean of F3 .00 .96 .96 
Interaction of Comparison and Change in F3 .12 .73 1.40 
    
F4: Classroom Discourse Model (p = .72)    
Comparison Section .31 .58 .75 
Change in mean of F4 .33 .56 1.64 





Ordinal Regression Results: Experiences Predicting Interpretation 
Parameter Wald Chi-Square Sig. 
Odds 
Ratio 
Start of Semester 
Transfer Student .07 .79 .88 
AP Calculus .20 .65 .83 
College Math Courses .03 .87 .91 
Did Not Take Content Course 1.41 .24 .31 
Took Content Course .01 .95 1.06 
Peer Tutoring Experience .01 .93 1.04 
Classroom Volunteer Experience .06 .81 1.11 
Teaching Internship Experience .14 .71 .82 
Tutoring Program Teaching Experience 2.27 .13 .50 
After School Program Teaching Experience 2.16 .14 .52 
Informal Tutor Experience .11 .74 .80 
End of Semester:  Practicum Experiences 
Never Provided One-on-one or Group Instruction  2.68 .10 .35 
Occasionally Provided One-on-one or Group Instruction  .17 .68 1.28 
Frequently Provided One-on-one or Group Instruction  .46 .50 .71 
Did not Teach Math Lesson .46 .50 1.55 
Taught One Math Lesson .84 .36 1.83 
Never Responsible for Math Instruction Apart from 






























Sig. Odds Ratio 
Start of Semester 
Transfer Student .00 1.00 1.00 
AP Calculus .14 .70 1.19 
College Math Courses .25 .62 1.38 
Remedial Math Courses .00 1.0 1.00 
Did Not Take Content Course .57 .45 .46 
Took Content Course .07 .79 1.29 
Peer Tutoring Experience .00 .98 1.00 
Classroom Volunteer Experience .27 .61 .79 
Teaching Internship Experience .98 .32 .57 
Tutoring Program Teaching Experience .69 .41 .67 
After School Program Teaching Experience .33 .57 1.32 
Informal Tutor Experience .95 .33 2.06 
End of Semester: Practicum Experiences 
Never Provided One-on-one or Group Instruction  .68 .41 .58 
Occasionally Provided One-on-one or Group Instruction  .23 .63 1.34 
Frequently Provided One-on-one or Group Instruction  .22 .64 1.27 
Did not Teach Math Lesson .13 .72 .79 
Taught One Math Lesson .06 .81 .848 
Never Responsible for Math Instruction Apart from Planned 
Lesson .35 .55 .79 
 
